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Abstract. Low Density Parity Check (LDPC) codes have enjoyed in-

creasing interest during recent years. In general these are described in

the terminology of sparse bipartite graphs containing no 4 -cycles, but

an alternative way to deal with them are a particular class of incidence

structures, namely partial linear spaces. This paper shows how to ob-

tain a large class of partial linear spaces from inversive spaces and show

via simulation that the induced LDPC codes have good error-correcting

performance.
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Introduction

Inversive spaces (also known as Möbius spaces), belong to the class of

circle-geometries, or 3 -designs in the language of design theory. These

are structures consisting of points and circles (rather than lines) where

any 3 distinct points are incident with a unique circle. In addition to

this, the set of circles is equipped with with a relation touching , which

is reflexive and symmetric. If two distinct circles c and d are touching,

then they intersect in a unique point p , and we say that c and d touch

in p . A set of circles touching each other in a given point is called a

pencil.

A partial linear space is an incidence structure consisting of points and

lines, such that every point is contained in the same number of lines, and



every pair of distinct points is contained in at most one line. A (0, 1) -

geometry is a partial linear space in which for every antiflag (p, g) the

number of points on g that are collinear with p can take only two values,

0 or 1 . Given an inversive space M of order q , we will form a new

incidence structure, the points of which are the pencils of M , and the

lines of which are the circles of M . If M is of even order, then it can

be seen that this incidence structure is indeed an (0, 1) -geometry. In

geometric terms, the induced partial linear space contains no triangles,

and in graph theoretic terms, the incidence graph does not contain n -

cycles for n ≤ 6 .

Low Density Parity Check (LDPC) codes, although discovered early in

the history of coding theory [7], have attracted the attention of many cod-

ing theorists during the recent years due to their rediscovery by MacKay

[10]. They form a class of linear block codes that perform close to the

Shannon limit and allows for efficient decoding using what is called belief

propagation algorithms. It has been observed that random constructions

of LDPC codes seem generally superior to systematic constructions, how-

ever in order to make storage and encoding for these codes practical there

is a need for systematic constructions.

LDPC codes have been systematically constructed in various ways. Mar-

gulis [11] initiated the use of a Cayley graph of a group to construct a

sparse bipartite graph which in turn induces an LDPC code once one

writes down the incidence matrix of the graph. Further work has been

done by Rosenthal and Vontobel [15,16] and Lafferty and Rockmore [9].

In both cases Ramanujan graphs, which are optimal relative to a certain

expansion property, were constructed using the Cayley graph of a suitable

group.

Another interesting approach is due to Bond, Hui and Schmidt [4] and

later Greferath, O’Sullivan and Smarandache [13]. In all these construc-

tions, linear congruences are used to relate the row and column numbers

of the nonzeroentries of a sparse parity-check matrix. Simulation results

have shown that the codes constructed using this method perform at least

as well as the randomly generated low-density parity-check codes.

Geometric approaches can also be used in the construction of LDPC

codes: for example, Vontobel and Tanner [17] discovered a way to use fi-

nite generalized polygons (FGPs) to construct Tanner graphs and LDPC



codes. This associated graph has the property that the girth is exactly

twice the diameter which is the largest possible. Another construction

was proposed by Kou, Lin and Fossorier [8] and makes use of the general

concept of incidence structures. In [8] the underlying incidence struc-

tures were either affine or projective spaces over the finite field F2s . The

approach in [17] can be viewed on the same concept, namely that the oc-

curing points are points of a projective space and the lines form a subset

of the lines in that space determined by a bilinear form. By exploiting

quadratic forms in such spaces, comparable work has been done recently

in papers by Mellinger and Storme [12].

This paper’s goal is to bring together circle geometries, (0, 1) -geometries

and LDPC codes. We start with inversive spaces of even order and de-

rive the mentioned class of (0, 1) -geometries. The incidence matrices of

these then form check matrices of LDPC codes. We finally test the perfor-

mance of a number of such codes in simulations, and present the results

in waterfall diagrams.

1 LDPC codes and (α, β) -geometries

An incidence structure is a pair I = (P,B) where P is a set of points

and B ⊆ 2P is a set of blocks. The incidence matrix of such an incidence

structure is a binary |P | × |B| -matrix the entries of which represent the

incidence between points and blocks. If such an incidence matrix is sparse

then it can be used as a check matrix for a low-density parity-check code.

We will now explain what partial linear spaces are, and how we can con-

struct classes of these from inversive spaces. We will then analyze these

partial linear spaces and find that they belong to the class of so-called

(0, 1) -geometries.

Definition 1. An partial linear space or order (s, t) ∈ N
2 is an inci-

dence structure S := (P,L) where P is a set of points and L ⊆ 2P is a

set of lines satisfying the following axioms:

(i) Every line contains exactly s + 1 points.

(ii) Every point of S is contained in exactly t + 1 lines.

(iii) Two points of S are contained in at most one line.



Partial linear spaces have enjoyed intensive investigation during the last

decade (cf. [5]). A famous class of partial linear spaces form the so-called

generalised quadrangles. Like the structures that we are going to discuss

here, these quadrangles have played a role in the construction of Low-

Density Parity-Check codes (cf. [17]).

Definition 2. A partial linear space S = (P,L) is called an (α, β) -

geometry if whenever (p, ℓ) is a non-incident point-line pair (antiflag)

there are either α or β points on ℓ which are collinear with p .

The generalised quadrangles we mentioned above form a class of (1, 1) -

geometries. Obviously, in an (α, β) -geometry there do not exist any tri-

angles if and only if α and β are at most 1 . The bipartite graph whose

adjacency matrix is build from the incidence matrix of these geometries

then has a girth that is lower bounded by 8 . This is known to be an

important premise for the performance of the derived LDPC code.

2 Inversive spaces

We will first recall the notion of an inversive space and list all properties

that we need for this article. These properties are known and can be

found in most standard texts on finite geometry; as they are neither new

nor our own results we will quote them as remarkss rather than lemmas,

propositions, or theorems.

An incidence structure is a pair I = (P,B) where P is a set of points

and B ⊆ 2P is a set of blocks. For any point p ∈ P we define a new

incidence structure Ip := (Pp, Cp) where

Pp := P \ {p}

Cp := {c \ {p} | c ∈ C and p ∈ c}

Then Ip is called the internal structure of I with respect to p .

Definition 3. An inversive space is an incidence structure M := (P,C) ,

here the blocks are called circles such that the following are satisfied:

(i) Any three distinct points are contained in exactly one circle.

(ii) For every point p ∈ P the internal structure Mp is an affine space.



The following statements can be derived using elementary counting prin-

ciples.

Remark 1. Let M = (P,C) be an inversive space. There exist non-

negative integers q and n such that the following hold.

(a) All circles of M contain q + 1 points.

(b) M contains exactly qn + 1 points. Each point is incident with ex-

actly qn−1 qn
−1

q−1
circles, and for this reason M contains qn−1 q2n

−1

q2
−1

circles.

(c) M forms a 3 -design with parameters (qn + 1, q + 1, 1) .

Remark 2. (a) In the preceding remark we say q is the order of M ,

and n is its dimension.

(b) For dimension 2 the above definition reduces to the definition of

an inversive plane, an incidence structure where two circles are

touching if and only if they are equal or share a unique common

point.

We have a simple algebraic construction of a large class of inversive spaces

in terms of suitable field extensions.

Example 1. Let L : K be a field extension of degree n ≥ 2 , and let

α ∈ L \K . The embedding of K into L induces a natural embedding of

the projective line P(K2) into P(L2) . We define an incidence structure

M(L : K) := (P,C) by

P := {L(x, y) | (x, y) ∈ L2 \ {(0, 0)}}

C := {cγ
0
| γ ∈ PGL(L, 2)}

where c0 = {L(x, y) | (x, y) ∈ K2 \ {(0, 0)}} and PGL(L, 2) is the

projective general linear group of rank 2 over L . Then M(L : K) is an

inversive space of dimension n .

Remark 3. Again, for dimension 2 this reduces to a known construction

for Miquelian inversive planes.



3 Pencils and partial pencils in inversive spaces

Definition 4. Let M = (P,C) be an inversive space of order q and di-

mension n , and let (p, c) be an incident point-circle pair. The set π(p, c)

of all circles touching c in p is called a pencil of M . Point p is called

the carrier of π(p, c) , and every pencil is uniquely defined by its carrier

and any one of its circles.

Remark 4. If (p, c) is an incident point-circle pair of M then π(p, c)

restricts to a parallel class of lines in Mp . The number of circles in π(p, c)

is hence given by qn−1 .

Remark 5. Let M be an inversive space of order q and dimension n .

(a) Every point of M is a carrier of qn
−1

q−1
different pencils.

(b) There are qn
−1

q−1
(qn + 1) different pencils in M .

(c) Every circle of M is a member of q + 1 pencils.

(d) Two distinct pencils in M have at most one circle in common.

Let M = (P,C) be an inversive space, and let p be a point incident with

a circle c . As mentioned above the set

π := {c \ {p} | c ∈ π(p, c)}

forms a full class of parallel lines in Mp . The following remark naturally

yields the definition of what we will call a partial pencil.

Lemma 1. Let M = (P,C) be an inversive space of order q , let p be

one of its points, and let U be an affine subspace of dimension m ≥ 1

of Mp . For a circle c that contains p consider

πU(p, c) := {d ∈ π(p, c) | d \ {p} ⊆ U}.

If πU (p, c) 6= ∅ then it contains qm−1 elements.

Proof : In Mp the set {d \ {p} | d ∈ π(p, c)} forms a full parallel class of

lines. If U is an m -dimensional affine subspace of Mp , then either no

lines of this class are fully contained in U , or exactly qm−1 such lines.

⊓⊔



Definition 5. In an inversive space M let p be a point and c be a

circle such that p ∈ c . A subset σ ⊂ π(p, c) is called a partial pencil of

degree m , if there is an m -dimensional affine subspace of Mp such that

σ = πU (p, c) .

Remark 6. (a) In an n -dimensional inversive space every pencil is a

partial pencil of degree n .

(b) For every circle c of an inversive space, the set {c} is a partial

pencil of degree 1 .

Remark 7. Let M be an inversive space of order q and dimension n .

(a) Every point of M is a carrier of qn
−1

q−1
different pencils of degree

m .

(b) There are qn
−1

q−1
qn−m(qn + 1) distinct pencils of degree m in M .

(c) Every circle of M is a member of q + 1 pencils of degree m .

(d) Two distinct pencils of same degree in M have at most one circle

in common.

Remark 8. Let M be an inversive space of even order. If π is a (partial)

pencil in M and c a circle that does not belong to π , then there exists

at most one circle d ∈ π that touches c .

Proof : An equivalent statement is: there do not exist three circles in M

which touch eachother pairwise in different points. For this statement we

refer to Qvist [14] (cf. also [1,2,6]). ⊓⊔

4 The main construction and some performance examples

We now come to our main construction: we will use an inversive space of

even order to construct a particular (0, 1) -geometry.

Theorem 1. Let M = (P,C) be an inversive space of even order. We

define an incidence structure S := (Πm, C) by

Πm := {π | π is a partial pencil of degree m in M },

where π ∈ Πm is incident with c ∈ C if and only if c ∈ π . Then S is

a (0, 1) -geometry of order (q − 1, qm−1 − 1) .



Proof : This follows directly from prop. 7 and prop. 8. ⊓⊔

We will base the LDPC codes discussed in the following on the inver-

sive space constructed in example 1. In the case of even order we form

(0, 1) -geometries S as in the previous section and derive a parity-check

matrix directly as the incidence matrix of S . Note that the properties of

these LDPC codes result from the structure of the given inversive space;

non-isomorphic classes of inversive spaces might give rise to differently

behaving LDPC codes.

Now, we first observe that the number of lines in the (0, 1) -geometry S

is equal to

b =
q2n − 1

q2 − 1
qn−1

and the number of partial pencils of degree m is given by

v =
qn − 1

q − 1
qn−m(qn + 1).

The ratio of these quantities is b/v = qm−1

q+1
, and, as can be seen, this ratio

is greater than 1 if and only if m ≥ 3 . Therefore, if m = 2 , we take the

parity-check matrix to be the incidence matrix of S ; this LDPC code has

length v and a target rate of 1 − b/v = 1/(q + 1) . If m ≥ 3 , we take

the parity-check matrix to be the transpose of the incidence matrix of S ;

this LDPC code has length b and a target rate of 1 − v/b = 1 − q+1

qm−1 .

Next, error correcting performance is demonstrated for LDPC codes de-

rived from the incidence matrices of (0, 1) -geometries that we have intro-

duced. BPSK transmission over the AWGN channel was assumed, and in

each case decoding continued until either a valid codeword was detected

(via syndrome check) or a maximum of 64 iterations were completed.

In each case at least 100 frame errors were simulated for each point to

determine bit error rate. The binary-input AWGN channel Shannon limit

for the each code rate is also shown in each figure; this was evaluated by

numerical integration. For all constructions we take the order of M to be

q = 2 .

The first set of results is for LDPC codes constructed using inversive

spaces of dimension n = 4 . Setting m = 3 yields a 510 × 680 parity

check matrix with rank 466 . The Tanner graph has a girth of 10 and a

diameter of 12 . The bit error rate (BER) performance of this (680, 214)
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Fig. 1. Error performance of the (680, 214) LDPC code constructed using the (0, 1) -

geometry induced by the inversive space of order q = 2 with parameters n = 4 ,

m = 3 .
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Fig. 2. Error performance of the (680, 437) LDPC code constructed using the (0, 1) -

geometry induced by the inversive space of order q = 2 with parameters n = 4 ,

m = 3 .
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Fig. 3. Error performance of the (5456, 1420) LDPC code constructed using the

(0, 1) -geometry induced by the inversive space of order q = 2 with parameters n = 5 ,

m = 3 .
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Fig. 4. Error performance of the (5456, 3425) LDPC code constructed using the

(0, 1) -geometry induced by the inversive space of order q = 2 with parameters n = 5 ,

m = 4 .
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Fig. 5. Error performance of the (5456, 4448) LDPC code constructed using the

(0, 1) -geometry induced by the inversive space of order q = 2 with parameters n = 5 ,

m = 5 .

LDPC code is shown in figure 1. Setting m = 4 yields a 255×680 parity

check matrix with rank 243 . The Tanner graph has a girth of 10 and a

diameter of 6 . The bit error rate (BER) performance of this (680, 437)

LDPC code is shown in figure 2.

The second set of results is for LDPC codes constructed using inversive

spaces of dimension n = 5 . Setting m = 3 yields a 4092 × 5456 parity

check matrix with rank 4036 . The Tanner graph has a girth of 14 and a

diameter of 14 . The BER performance of this (5456, 1420) LDPC code

is shown in figure 3. It may be seen that the performance of this code

is 2.50 dB from the Shannon limit at a BER of 10−6 . Setting m = 4

yields a 2046 × 5456 parity check matrix with rank 2031 . The Tanner

graph has a girth of 10 and a diameter of 10 . The bit error rate (BER)

performance of this (5456, 3425) LDPC code is shown in figure 4. The

performance of this code is within 1.38 dB of the Shannon limit at a

BER of 10−6 . Finally, setting m = 5 yields a 1023 × 5456 parity check

matrix with a rank of 1008 . The Tanner graph has a girth of 10 and a

diameter of 6 . The bit error rate (BER) performance of this (5456, 4448)

LDPC code is shown in figure 5. The performance of this code is 1.15 dB

from the Shannon limit at a BER of 10−6 .



References
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