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Decoding for Pilot-Symbol Assisted Modulation
Over Frequency Selective Fast Fading Channels
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Abstract—A pilot-based channel estimation scheme is proposed
for frequency selective Rayleigh fading channels which works
in conjunction with the existing paradigm of turbo equalization.
The iterative nature of the channel estimation technique provides
substantial gain over noniterative methods and makes it a suitable
choice for iterative equalization and decoding. The channel estimator has low complexity, is decoupled from the equalizer soft-input
soft-output module, and is capable of tracking significant channel
variations within a codeword. The scheme is compatible with
quadratic-amplitude modulation and with both parallel concatenated convolutional and low-density parity check coding. The
proposed scheme provides an attractive low-complexity alternative to iterative receivers based on state-space models for channel
parameter evolution. The use of pilot symbols is demonstrated to
aid the equalizer both directly through channel estimation and
indirectly through pilot message insertion.
Index Terms—Channel estimation, fast fading, frequency
selective channels, pilot-symbol assisted modulation, turbo
equalization.

I. I NTRODUCTION

I

TERATIVE joint equalization and decoding via the “turbo
principle” was first proposed in [1] and has been shown
to give remarkable performance over both static and timevarying channels, particularly when high-performing error correcting codes, such as parallel concatenated convolutional
(PCC) and low-density parity check (LDPC) codes, are used.
Many schemes, however, [2]–[4] assume perfect channel state
information (CSI). This CSI is often difficult to obtain with
great precision, particularly at the low SNRs at which PCC and
LDPC codes operate. For a frequency selective channel with
high Doppler at such SNRs, proper CSI estimation becomes
very difficult, and imperfect estimation can significantly degrade bit error rate (BER).
When the fade rate is sufficiently slow, a separate trainingaided channel estimator may be used to inform the equalizer
soft-input soft-output (SISO) module. The advantage here is
that classical signal processing techniques [e.g., LMS, recursive
least squares (RLS), and Kalman filtering] may be used within
the estimator, with savings in complexity. It has been shown in
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[5] and [6] that feedback from the decoder can be successfully
incorporated into this type of estimator; however, the limited tracking capability of these estimation algorithms precludes their use on channels with high Doppler such as those
described here.
When the fade rate is high enough so that these schemes are
no longer sufficient to acquire and track the time-varying frequency selective channel, the predominant design philosophy is
that of the incorporation of channel estimation into an expanded
trellis-based equalizer SISO module. An adaptive equalizer
SISO module is presented in [7] which combines channel estimation into the branch metrics of a Bahl–Cocke–Jelinek–Raviv
(BCJR)-type algorithm. Furthermore, this scheme is shown to
incorporate, as forward-only cases, many SISO equalizer modules which incorporate channel estimation, e.g., the schemes of
[8] and [9]. A shortcoming of this scheme (and its special cases)
is the assumption that the unknown and time-varying channel
parameters obey a Gauss–Markov model; thus, for a channel
with fast fading governed by the Jakes model, a large state
space would be required for adequate performance, leading to
high complexity. Also, the Jakes model is not actually a finitestate model, nor is it Markov. Davis et al. [10] proposed a
scheme where no such assumption on the channel parameters is
made. In this formulation, each trellis state hypothesizes values
for a certain number of previously transmitted symbols; the
advantage of this is that, for each state, the minimum meansquare error (MMSE) pth-order linear prediction estimate of
the channel filter output may be made on the basis of these
hypothesized transmit symbols (this actually circumvents direct
channel estimation). However, for spectrally efficient modulations and/or long channels, this method becomes infeasible as
it involves expanding an already large state space by a factor
exponential in the predictor order.
Valenti and Woerner [11] presented a pilot-aided scheme
for BPSK transmission over fast flat-fading channels whereby,
during turbo decoding, the channel could be reestimated at each
iteration. In this contribution, we will show how their channel
estimation scheme may be generalized to perform estimation of
the frequency selective channel in a manner useful to joint iterative equalization and decoding. The proposed channel estimation scheme has the following desirable properties: It is of low
complexity and decoupled from the equalizer SISO module,
it does not rely on a state-space model for channel parameter
evolution, it can successfully use feedback from the decoder
SISO module, it can estimate frequency selective channels with
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Fig. 1. Transmitter architecture.

high fade rates, it is capable of tracking significant channel
variations within a single codeword, and it is compatible with
any 2-D memoryless modulation technique. We note that our
system uses joint coding and modulation via bit-interleaved
coded modulation (BICM) with iterative detection, which has
been shown to outperform trellis-coded modulation on fading
channels [12]–[14]; however, the concern of this paper is that
of the incorporation of channel estimation into the iterative
receiver for BICM rather than the design of joint coding and
modulation.
This paper extends the work first presented in [15] to higher
order modulations (equivalently to BICM), to channels with
arbitrary power profile, and to LDPC and PCC coding. Reference [16] presents an alternative channel estimator for a similar
transmission scheme to [15]; their estimator uses feedback from
PCC decoding to approximately decouple the L-tap frequency
selective channel into L flat fading subchannels. The drawback
of this method is that reliable feedback is required for efficient
decoupling; also, [16] only considers BPSK modulation. A
scheme with a similar design philosophy was presented in [17],
where a decoupled MMSE-criterion-based channel estimator
for frequency selective channels was shown to be successful
in joint multiuser detection and single-user decoding for pilot
symbol aided direct-sequence code division multiple access.
Accurate channel estimation was achieved even in a highly
loaded system, for fade rates significantly below those considered in this paper.
Simulation results are presented for both PCC and LDPC
coding, for two reasons. First, it is desirable to illustrate the
efficacy of the entire scheme on different types of code which
utilize iterative decoding. Second, the practical issue of communication between a mobile station (MS) and a base station
(BS) is considered. The message-passing (MP) algorithm in
the LDPC section of the factor graph operates in a completely
parallel fashion, in stark contrast to the serial BCJR algorithm,
which operates in the equalizer section and in the sections
corresponding to both constituent recursive systematic convolutional (RSC) codes in the PCC case. Thus, we suggest the
use of the PCC encoder and LDPC decoder in the MS and the
LDPC encoder and PCC decoder in the BS.
The use of pilot symbols is demonstrated to aid the equalizer
SISO module through the periodic injection of “pilot symbol
messages” into the equalizer’s trellis, in addition to aiding the
channel estimator module through the provision of a known
transmit subsequence. This additional aid is marginal; however, it indicates that training/pilot symbols may aid the dual
functions of channel estimation and turbo equalization. This
is a property not currently exploited in systems which use
training/pilots to acquire the channel. This point is explained
from a factor graph perspective in [18].
This paper is organized as follows. In Section II, the models
for the transmitter and frequency selective channel are pre-

sented, and the function of each block in the receiver is outlined.
In Section III, the proposed channel estimator is described in
detail, and its position and function in the turbo equalization
scheme are explained. Section IV presents simulation results,
and Section V gives the conclusion.
II. S YSTEM M ODEL
A. Transmitter
Fig. 1 shows the discrete-time model of the transmitter. N
information bits {uk }, k = 1, 2, . . . N are encoded using a rate
r code. The code may be any whose decoding is by MP in a
factor graph, and hence, the code shall be referred to as an MP
code. The two most important and widely used MP codes are
PCC and LDPC codes; both shall be considered in this paper.
The N/r encoded bits {ck } are then passed to an R × S block
channel interleaver ΠC . The purpose of the channel interleaver
is to combat burst errors caused by the fading channel. This
interleaving is not required for the LDPC code, since the
random structure of the parity check matrix is equivalent to an
“in-built” interleaver [19]; the interleaver can be considered to
be the identity map in this case. The resulting bit sequence {yk }
is parsed into l-bit blocks yk = [y(k−1)l+1 y(k−1)l+2 . . . ykl ],
and these are modulated to a symbol sequence {mk } via
mk = M(yk ). Memoryless QAM modulation is assumed,
with a constellation S ⊂ C normalized to have unit energy,
i.e., Em∈S {|m|2 } = 1. Note that if the modulator mapping
in the case of BPSK is written M(yk ) = MB (yk ) with S =
{−1, +1}, then the mapping for Gray-coded QPSK may√be
written M([y2k−1 y2k ]) = (MB (y2k−1 ) + jMB (y2k ))/ 2.
The modulated symbol sequence {mk } is then parsed into
blocks of NP bits (NP is called the pilot block spacing), and a
contiguous group of 2L − 1 known symbols {p1 , p2 , . . . p2L−1 }
is inserted into the center of each block (NP is assumed even).
We refer to these known symbols as “pilot symbols” although
they could be regarded as a “distributed training sequence.”
The pilots are chosen from the same (QAM) constellation S as
the information-bearing symbols.
B. Channel
We consider transmission over an L-tap frequency selective
Rayleigh fading channel. The receive signal is given by
rk =

L−1


(j)

hk xk−j + nk

j=0
(j)

where each channel tap hk is a complex Gaussian random
variable with zero mean, and the different taps are assumed
(j)
to be independent. The real and imaginary parts of hk are
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Fig. 2. Receiver architecture. In this figure, γ stands for extrinsic message, λ for extrinsic LLR (LLR corresponding to extrinsic message for a binary variable),
and L for actual LLR (LLR corresponding to function summary for a binary variable).

independent, and both have autocorrelation function given by
the Jakes model [20]
(j)

Rh (i) =

σj2
J0 (2πfd Ts i)
2

where fd is the maximum Doppler frequency, Ts is the symbol
period, and J0 is the zero-order Bessel function of the first kind.
Note that σj2 corresponds to the power of the jth channel tap,
and therefore, {σj2 |j = 0, 1, . . . L − 1} gives the power profile
of the channel. The overall channel power gain is normalized to
unity, i.e.,
L−1

j=0


  L−1

 (j) 2
E hk  =
σj2 = 1.

that, in contrast to the scheme of Valenti and Woerner [11], the
pilot symbols appear as variables in the factor graph (this is
shown in [18]). This results in two effects. First, pilot-symbol
messages are removed at the equalizer SISO output; an intuitive
explanation for this is that the information corresponding to
pilot symbols is of no relevance to the MP decoder. Second,
pendant factor nodes attached to the pilot variable nodes in the
factor graph result in the insertion of pilot-symbol messages in
the feedback path, as shown in Fig. 2. The inserted log-domain
message corresponding to the pilot symbol q (with known
value p) is ideally

γ(q) =

0,
−∞,

if q = p
otherwise.

j=0

The additive noise sequence nk is white, each element being a
complex-valued Gaussian random variable with zero mean and
variance σ 2 in each of the real and imaginary directions. The
SNR per bit is then Eb /N0 = (NP + 2L − 1)/(2NP lrσ 2 ) with
pilot-symbol insertion and Eb /N0 = 1/(2lrσ 2 ) without.
C. Receiver
If it is assumed that the channel tap values and variance of
the additive noise are known exactly throughout the entire data
frame, then the iterative receiver may be derived in a straightforward manner using factor graph theory [21]. This derivation
will not be described in detail here; see [18] for details of the
derivation for the case of PCC coding and BPSK modulation.
Extension of this derivation to LDPC coding and to higher order
modulation is straightforward. The resulting receiver architecture is shown in Fig. 2 (assuming perfect channel estimation
and ignoring for the moment in the section in dotted lines).
In this figure, γ stands for extrinsic message, λ for extrinsic
log-likelihood ratio (LLR) (LLR corresponding to extrinsic
message for a binary variable), and L for actual LLR (LLR
corresponding to function summary for a binary variable). The
equalizer and MP decoder SISO modules exchange extrinsic
messages {γ(xk )} on the transmit symbols and extrinsic LLRs
{λ(ck )} on the MP code bits, in the manner of Douillard’s
original turbo equalization scheme [1]. It is interesting to note

Hence, in this scheme, the pilot symbols are capable of aiding the equalizer SISO module directly, as well as indirectly
through improved channel estimation.
Between these two main SISO modules are two other SISO
modules, here called a soft mapper and soft demapper, which
perform bit-to-symbol and symbol-to-bit extrinsic message
mappings. These modules are both special cases (where one
output is suppressed) of the soft-output maximum a posteriori
(SOMAP) module described in [22].
Of course, perfect channel estimates are not available in practice, and thus, the equalizer SISO requires estimates of the timevarying complex channel taps and the noise variance in order to
form its branch metrics. In factor graph terms, the messages
passed from a certain subset F of its pendant factor nodes
require knowledge of the channel, for which we substitute
channel estimates. These estimates are provided by a channel
estimator described in Section III. However, channel estimates
derived only from pilot symbol information are generally poor
since they ignore the code structure. It is possible to improve the
system performance considerably by reestimating the channel
after each (equalizer SISO, MP decoder SISO) iteration. This is
achieved by including the feedback path shown in dotted lines
in Fig. 2. The LLRs {L(ck )} for the MP encoded bits are interleaved and used as priors for a symbol estimator. Hard symbol
estimation may be performed by simply making decisions on
each bit and modulating the result, i.e., m̂k = M(ŷk ), where
ŷk = [ŷ(k−1)l+1 ŷ(k−1)l+2 . . . ŷkl ], and each ŷr = sign(L(yr )).
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The soft symbol estimator uses as symbol estimate the expected
value of the symbol given the symbol priors, i.e.,

M(yk )P (yk ).
(1)
m̂k =
yk ∈[GF (2)]l

Here, the symbol priors are P (yk ) = P (y(k−1)l+1 ) ×
P (y(k−1)l+2 ) . . . P (ykl ), where each bit prior is related to the
corresponding LLR via L(yr ) = log(P (yr = 1)/P (yr = 0)).
Equation (1) simplifies in the case of BPSK to

sign (L(y
 k )), for hard symbol estimation
(2)
m̂k =
tanh L(y2 k ) , for soft symbol estimation

This condition will approximately hold for modulated MP
codewords in general; it is also a property to be taken into
account when designing the pilot sequence.
(j)
The cross correlation between the sequences {qk } and
(j)
{hk } is
(j)

(j)∗

(j)

v (j) (i) = E{qk−i hk } = 2Rh (i).
(j)

The sequence {qk } is filtered by a length-K finite-impulse
response filter to produce the optimum MMSE estimate of the
jth channel tap (K is assumed odd). This proceeds according
to [23]
K

and in the case of Gray-coded QPSK to
√
m̂k = [sign (L(y2k−1 )) + jsign (L(y2k ))] / 2

(j)
ĥk

(3)

i=−[

K
2

(j) (j)

√

2

(4)

for soft symbol estimation. The original pilot symbols are
inserted into this symbol estimate stream, and the resulting
estimated transmit stream {x̂k } is used by the channel estimator
to produce a refined channel estimate. This improved estimate
aids the equalizer SISO module in the next iteration. In factor
graph terms, this amounts to resending the messages from all
nodes in F [18].

for j = 0, 1, . . . L − 1

wi qk−i

(j)

where w(j) = (w−[K/2] . . . w[K/2] )T is given by the Wiener
solution

 

1 − σj2
2
+ σ I w(j) = cj .
Rj +
2
(j)

Here, Rj is a matrix whose (m, n) entry is Rh (m − n), and
(j)
(j)
cj = (Rh (−[K/2]) . . . Rh ([K/2]))T . Thus, the channel estimator consists of a bank of Wiener filters, one for each channel
tap. Each Wiener filter has real coefficients. The MMSE for
Wiener filter w(j) is given by

MMSEj =

III. C HANNEL E STIMATOR

(6)

]
(j)

for hard symbol estimation, and

L(y2k−1 )
L(y2k )
m̂k = tanh
+ j tanh
2
2

=

[2]


σj2

−

cTj



Rj +

1 − σj2
+ σ2
2

 −1
I

cj .

(7)

A. Known Transmit Sequence
Here, a generalization of Valenti and Woerner’s channel
estimator [11] is proposed; the generalization is to higher order
modulations and to frequency selective channels. Assuming
the transmit sequence {xk } is known at the receiver, then
(j)
the correlation sequence qk = rk x∗k−j may be formed for
each j = 0, 1, . . . , L − 1. The autocorrelation function of the
(j)
sequence {qk } is
(j) (j)∗

Rq(j) (i) = E qk qk−i
=

L−1
 L−1




 

(r) (s)∗
E hk hk−i E xk−r x∗k−j x∗k−i−s xk−i−j

r=0 s=0

 


+ E nk n∗k−i E x∗k−j xk−i−j
=

L−1






2Rh (i)E xk−r x∗k−j x∗k−i−r xk−i−j + 2σ 2 δ(i)
(r)

r=0



(j)
= 2Rh (i) + 1 − σj2 + 2σ 2 δ(i).
Here, we have assumed that the fourth-order moment


E xk x∗p x∗q xr = 0
for k ∈
/ {p, q, r}.

(5)

Once the channel taps have been estimated, the noise variance
may be estimated simply by taking the sample variance of
zk = rk −

L−1


(j)

ĥk xk−j .

(8)

j=0

1) and the channel
If the fade rate is slow enough (fd Ts
estimation filter length K is small enough, then the coefficients
(j)
wi are all approximately equal and are
(j)

wi

≈

σj2
(1 + σ 2 ) + (K − 1)σj2

(9)

for each i = −[K/2], . . . , [K/2]. We may also make the
(j)
further approximation wi ≈ 1/(K − 1) if σj2  (1 + 2σ 2 )/
(K − 1). This means that for slow fade rates, the Wiener
filters may be replaced by moving average filters which do
not require knowledge of the autocorrelation function of the
channel taps (or knowledge of the noise variance, if the
channel tap power is high enough). Note that in the case of
BPSK modulation and L = 1, this analysis collapses to that of
Valenti and Woerner [11].
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B. Unknown Transmit Sequence
Initially, the receiver has no knowledge of the transmit symbol sequence other than the pilot symbol values. After the first
iteration, estimates of the transmit sequence are available via
feedback from the MP decoder. In both cases, it is possible to
use a modified version of the scheme described previously to
perform channel estimation.
1) Initial Channel Estimation: We consider a hypothetical
transmit sequence {x̄k } in which the nonpilot symbols are
made up of a sequence of symbols in {−1, +1} which satisfy the fourth-order moment condition (5). Consider the first
pilot-assisted block for ease of exposition. We shall assume
that the channel taps are reasonably static over the length of
this block, i.e.,
(j)
hk

≈h

k ∈ {1, 2, . . . NP + 2L − 1}.

(j)

p = Ah + n
where

T
p = r(NP /2)+L r(NP /2)+L+1 . . . r(NP /2)+2L−1
T

h = h(0) h(1) . . . h(L−1)
T

n = n(NP /2)+L n(NP /2)+L+1 . . . n(NP /2)+2L−1
and
pL−1
pL
..
.

···
···

p1 
p2 
.. 
.
.

p2L−1

p2L−2

···

pL

(10)

Then, an estimate of the receive sequence for this block is
r̄ = VA−1 p

(11)

where


x̄1
x̄2
x̄3
..
.

0
x̄1
x̄2
..
.

x̄NP +2L−1

x̄NP +2L



V=



0
0
x̄1
..
.

···
···
···

0
0
0
..
.

···

x̄NP +L








and the pilots have been chosen to make A invertible. Note that
in practice, the sequence {x̄k } is generated in the receiver by a
maximal-length pseudonoise sequence generator. The receive
sequence estimate (11) is computed for each pilot-assisted
block. Initial estimation of the channel taps then proceeds
according to

(j)
ĥk

=

[ K2 ]

i=−[

K
2

(j)

wi r̄k−i x̄k−i−j ,
]

and subsequently, the noise variance is estimated by taking the
sample variance of
zk = r̄k −

L−1


(j)

ĥk x̄k−j .

j=0

It is easily seen that this scheme necessitates 2L − 1 pilots per
block in order to work.
2) Subsequent Channel Estimation: After the first iteration,
channel estimation may proceed using the method outlined in
part III-A of this section, the actual transmit sequence {xk }
being replaced by the estimate of the transmit sequence {x̂k }
provided by the MP decoder.
IV. S IMULATION R ESULTS
A. BER Performance of the System

The received symbols corresponding to the pilots are

 p
L
 pL+1
A=
 ..
.
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for j = 0, 1, . . . L − 1

In this section, we present simulation results which illustrate
the BER performance of the system. Four different simulation
environments are tested, in order to demonstrate the performance of the entire scheme under variation of coding scheme,
modulation type, channel length, power profile, and fade rate.
Within each simulation environment, five different schemes
were tested: 1) perfect knowledge of the channel and no transmission of pilot symbols; 2) perfect knowledge of the channel
and transmission of pilot symbols; 3) channel estimation with
no feedback from MP decoder to the channel estimator; 4) hard
decision feedback from decoder to channel estimator; and
5) soft decision feedback from decoder to channel estimator.
The PCC code used in simulations consisted of two rate 1/2
RSC encoders with constraint length 4 and feedback and feedforward generators in octal notation 15o and 17o , respectively.
The trellis of the upper encoder was terminated with m = 3
tail bits, while the trellis of the lower encoder was left open.
A 1250-b S-random interleaver was used within the PCC code,
with S = 20 [24]. Half of the parity outputs of the PCC encoder
were punctured to give an overall rate of r = N/[2(N + m)] ≈
1/2. The channel interleaver used with the PCC code was a
50 × 50 block interleaver. For all PCC coded system simulations, 12 iterations of channel estimation, equalization, and
decoding were performed.
The LDPC code used in simulations was the Margulis code
with p = 11; this is a (3, 6)-regular Gallager code based on
a Cayley graph construction [25]. It is a rate 1/2 code with
codeword length 2640. In the case of LDPC coding, simulations
using a 55 × 48 block interleaver ΠC showed little or no
performance improvement over those with no interleaver; these
results are omitted. For all LDPC coded system simulations,
iterative channel estimation, equalization, and decoding continued until either a valid codeword was detected (via syndrome
check), or 20 iterations were completed. Before presenting
simulation results, we note the interesting result that in all
simulations involving LDPC coding, all frame errors were
detected errors.
The pilot sequences we used in simulations were in each
case multiples of binary sequences from [26]. These were
found by exhaustive computer search for binary sequences with
good autocorrelation properties. The pilot sequences we used,
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Fig. 3. BER performance of iterative channel estimation, equalization, and
decoding over a frequency selective fading channel. The plot is for a channel
with three taps of equal average power. A PCC code is used with feedback and
feedforward generators 15o and 17o , respectively, the code is punctured to rate
approximately 0.5. BPSK modulation is used, and the normalized fade rate is
fd Ts = 0.005.

Fig. 4. BER performance of iterative channel estimation, equalization, and
decoding over a frequency selective fading channel. The plot is for a channel
with three taps of equal average power. A PCC code is used with feedback and
feedforward generators 15o and 17o , respectively, the code is punctured to rate
approximately 0.5. BPSK modulation is used, and the normalized fade rate is
fd Ts = 0.02.

which have lengths 5 and 9, also have the property that A−1
consists simply of the elements −0.5, 0.5, and 0 [see (10) and
(11)], making the algorithm of Section III-B1 less complex to
implement.
1) Three-Tap Channel With PCC Coding and BPSK
Modulation: Here, we present simulation results for the case
of PCC coded transmission over a channel with L = 3 taps of
equal average power (σj2 = 1/3 ∀j). BPSK modulation was
assumed, and (2) was used for soft symbol estimation. The
pilot sequence used was {+1, −1, +1, +1, −1}, and the channel estimation filter length was K = 75. These five different
schemes were compared for the cases of two normalized fade
rates: fd Ts = 0.005 and fd Ts = 0.02. A pilot block spacing of
NP = 20 was used for the slower fade rate, and the moving
average approximation to the optimum Wiener filter was used,
while for the faster fade rate, we chose NP = 10, and the
Wiener solution was required for adequate performance. In
each case, 50 independent frame errors were observed for each
point to determine BER.
The BER performance of the five different schemes is shown
in Fig. 3 for the slower fade rate fd Ts = 0.005 and in Fig. 4
for the faster fade rate fd Ts = 0.02. The transmission of pilot
symbols causes a loss in energy efficiency of 10 log10 ((NP +
2L − 1)/NP ) dB, i.e., 0.97 dB for the slower fade rate and
1.76 dB for the faster fade rate. However, the performance
degradation observed in the simulations was only 0.92 dB for
the slower fade rate and 1.70 dB for the faster fade rate at a BER
of 10−4 . This is because the inserted messages corresponding to
the known pilot symbols aid the equalizer SISO in determining
new extrinsic information.
In the case of channel estimation with no feedback from
the PCC decoder to the estimator, there is a performance

degradation of 4.31 dB for the slower fade rate and 5.74 dB
for the faster fade rate over the performance for perfect channel
estimates at a BER of 10−4 . This degradation can be lessened
with the inclusion of feedback from PCC decoder to estimator.
Hard decision feedback allows us to gain back 2.83 dB for the
slower fade rate and 2.64 dB for the faster fade rate at a BER
of 10−4 . Soft decision feedback gives an extra 0.05 dB for the
slower fade rate and 0.12 dB for the fast fade rate (at a BER of
10−4 ). For both fade rates, the performance improvement when
feedback is incorporated into the channel estimator is approximately the same, as reported in [11]. Soft decision feedback
is observed to give only marginal improvement in performance
over hard decision feedback. This is a phenomenon reported
by other authors [27]. Therefore, we advocate the use of hard
decision feedback in practice.
2) Three-Tap Channel With LDPC Coding and QPSK
Modulation: Fig. 5 presents simulation results for the case of
LDPC coded transmission over a channel with L = 3 taps of
equal average power (σj2 = 1/3 ∀j). Gray-coded QPSK modulation was assumed, and (4) was used for soft√symbol estimation. The pilot sequence used was ((1 + j)/ 2)∗ {+1, −1,
+1, +1, −1}, and the channel estimation filter length was
K = 75. The normalized fade rate was fd Ts = 0.02. Again,
we chose a pilot block spacing of NP = 10, and the Wiener
solution was required for adequate performance. In each case,
80 independent frame errors were observed for each point to
determine BER.
The BER performance of the five different schemes is
shown in Fig. 5. In the case of channel estimation with no
feedback from the LDPC decoder to the channel estimator,
there is a performance degradation of 6.00 dB over the performance for perfect channel estimates at a BER of 10−4 .
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Fig. 5. BER performance of iterative channel estimation, equalization, and
decoding over a frequency selective fading channel. The plot is for a channel
with three taps of equal average power. The (1320, 2640) Margulis LDPC code
is used in conjunction with Gray-coded QPSK modulation. The normalized
fade rate is fd Ts = 0.02.

Hard decision feedback allows us to gain back 2.50 dB at
a BER of 10−4 , and soft decision feedback gives an extra
0.20 dB at this BER. These gains in power efficiency are
similar to those for BPSK modulation; however, with QPSK
modulation, an additional gain in spectral efficiency has been
achieved.
3) Five-Tap Channel With LDPC Coding and QPSK
Modulation: Fig. 6 presents simulation results for the case of
LDPC coded transmission over a channel with L = 5 taps and
the exponentially decaying power profile σj2 = (a − 1)aj /
(aL − 1) for j = 0, 1, . . . L − 1. The power-profile decay factor was chosen to be a = 0.7. Gray-coded QPSK modulation
was assumed, and (4) was used for soft √
symbol estimation.
The pilot sequence used was ((1 + j)/ 2) ∗ [+1, +1, +1,
+1, −1, −1, +1, −1, +1]. The channel estimation filter length
was K = 75, and the normalized fade rate was fd Ts = 0.005.
The pilot block spacing was chosen to be NP = 20, and the
moving average approximation to the optimum Wiener filter
was used. In each case, 100 independent frame errors were
observed for each point to determine BER.
It is shown in Fig. 6 that the diversity provided by the extra
channel taps means that the system exhibits high performance
in the case of perfect channel estimation, both with and without
pilot transmission; however, the larger number of taps also
makes the task of channel estimation more difficult. Therefore,
the cost of imperfect channel estimation is high (> 10.7 dB over
the BER range of interest). Iterative channel estimation with
hard decision feedback allows us to gain back a significant portion of this loss (> 5.2 dB over the BER range of interest). Note
also that an error floor is observed in the curve for feedbackfree channel estimation. This is due to near-codewords of
the Margulis code [28]. An error floor due to these nearcodewords will eventually manifest itself in all simulations;
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Fig. 6. BER performance of iterative channel estimation, equalization, and
decoding over a frequency selective fading channel. The plot is for a fivetap channel with an exponentially decaying power profile (decay factor 0.7).
The (1320, 2640) Margulis LDPC code is used in conjunction with Gray-coded
QPSK modulation. The normalized fade rate is fd Ts = 0.005.

however, in the case of no feedback, the channel estimation
error acts as an unmitigated noise term on the equalizer SISO
branch metrics, which raises this error floor. This effect is more
noticeable for the longer channel as the equalizer branch metric
error contains contributions from all of the channel tap errors
(cf. [18, eq. (3)]). Note that the curves for the schemes which
use iterative channel estimation evince no error floor down to a
BER of 10−4 .
4) Three-Tap Channel With LDPC Coding and 16-QAM
Modulation: Fig. 7 presents simulation results for the case
of LDPC coded transmission over a channel with L = 3 taps
of equal average power (σj2 = 1/3 ∀j). Gray-coded 16-QAM
modulation was assumed, and the general form of (1) was
used for soft
√ symbol estimation. The pilot sequence used was
((3 + j)/ 10) ∗ {+1, −1, +1, +1, −1}; thus, the pilots maintain the average power of the transmitted sequence. The channel
estimation filter length was K = 75, and the normalized fade
rate was fd Ts = 0.005. The pilot block spacing was chosen
to be NP = 20, and the moving average approximation to the
optimum Wiener filter was used. In each case, 100 independent
frame errors were observed for each point to determine BER.
As shown in Fig. 7, the much increased spectral efficiency
of the 16-QAM system comes at the cost of much increased
difficulty of channel estimation; the BER curves in the case of
imperfect channel estimation are no longer approximately parallel to those with perfect channel estimates. The reason for this
behavior is as follows. Although the channel estimation MSE in
this case is not significantly higher than in the case of BPSK, the
constellation
minimum distance is much reduced (by a factor of
√
10), and so, while perfect channel estimation exhibits steep
BER curves for 16-QAM, the presence of channel estimation
error causes the soft demapper output to improve only gradually
with increasing Eb /N0 . However, a large performance gain
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Fig. 7. BER performance of iterative channel estimation, equalization, and
decoding over a frequency selective fading channel. The plot is for a channel
with three taps of equal average power. The (1320, 2640) Margulis LDPC code
is used in conjunction with Gray-coded 16-QAM modulation. The normalized
fade rate is fd Ts = 0.005.

(> 2.3 dB over the BER range of interest) is still achieved
through the use of the iterative channel estimation scheme. As
in Section IV-A3, an error floor is observed in the curve for
feedback-free channel estimation, again due to initial channel
estimation error exacerbating the effect of near codewords.
Increasing the channel estimation filter length K does not
provide an effective means to combat this error floor, since
MSE decreases slowly with increasing K. However, the use of
iterative channel estimation significantly lowers the MSE and,
thus, the error floor.
B. MSE Performance of the Channel Estimator
The evolution of the MSE of the channel tap estimator with
increasing number of iterations is plotted against Eb /N0 in
Fig. 8 for the simulation environment previously described in
Section IV-A1, with the faster fade rate fd Ts = 0.02. This plot
is for the case of hard decision feedback, and the MSE is
averaged over all taps. Also shown is the MMSE given by (7),
which forms a lower bound for the observed MSE. In this plot,
the MSE decreases with increasing number of iterations, for
all values of Eb /N0 . The MSE for the second iteration shows
a dramatic improvement over the first, regardless of the value
of Eb /N0 . This is because the availability of the PCC decoder
output gives the second channel estimation a distinct advantage
over the first. Also, at lower values of Eb /N0 , the MSE never
approaches the lower bound because of the poor quality of the
bit estimates fed back by the PCC decoder. At higher Eb /N0 ,
however, the bit estimates improve with successive decoder
iterations until eventually the feedback consists almost entirely
of correct bits; thus, the MSE approaches the lower bound very
tightly. It can be seen that the set of Eb /N0 -values for which
the MSE starts to approach the lower bound corresponds to the
waterfall region of the corresponding plot in Fig. 4.
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Fig. 8. Evolution of the MSE with increasing number of iterations. The plot
is for a channel with three taps of equal average power. A PCC code is used
with feedback and feedforward generators 15o and 17o , respectively, the code
is punctured to rate approximately 0.5. BPSK modulation is used, and the
normalized fade rate is fd Ts = 0.02. The MSE decreases with increasing
number of iterations for all values of Eb /N0 .

C. Performance Versus Complexity Tradeoff for Channel
Estimation Scheme
In the simulation results presented previously, the channel
estimation filter length K and the pilot block spacing NP were
both optimized for performance versus complexity. The details
of the effect of variation of these parameters are described
previously.
1) Effect of Length and Type of Channel Estimation Filter:
Fig. 9 shows the effect of variation of length (K) and type
(moving average/Wiener) of channel estimation filter, for the
simulation environment described in Section IV-A1 (iterative
channel estimation with hard decision feedback). For the cases
of slower fade rate (fd Ts = 0.005) and faster fade rate (fd Ts =
0.02), the Eb /N0 values chosen for simulations were 4.7 and
7.0 dB, respectively, as each of these Eb /N0 values lies in the
waterfall region of the corresponding BER curve (see Figs. 3
and 4). Also, the value of NP was chosen to be 20 and 10 for
the cases of slower and faster fade rates, respectively, based on
the optimization of Section IV-C2.
For the case of the slower fade rate (fd Ts = 0.005), the
BER performances of the moving average filter and the Wiener
filter are approximately equal for K ≤ 75 and increase with
increasing K in this range. For K > 75, the performance of
the moving average filter actually deteriorates with increasing
K; this is because the approximation (9) no longer holds. The
performance of the Wiener filter improves beyond K = 75;
however, it yields little extra gain beyond this value. On the
basis of this analysis, the value K = 75 and the moving average
channel estimation filter were chosen for the slower fade rate;
however, if necessary, a shorter channel estimation filter could
be chosen at some expense in BER performance.
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Fig. 9. Effect of channel estimation filter length and type on BER performance of iterative channel estimation, equalization, and decoding over a
frequency selective fading channel. The plot is for BPSK transmission over
a channel with three taps of equal average power. Hard decision feedback is
assumed. A PCC code is used with feedback and feedforward generators 15o
and 17o , respectively, and the code is punctured to rate approximately 0.5.

Fig. 10. Effect of pilot block spacing NP on the BER performance of
iterative channel estimation, equalization, and decoding over a frequency
selective fading channel. The plot is for BPSK transmission over a channel
with three taps of equal average power. A PCC code is used with feedback and
feedforward generators 15o and 17o , respectively, and the code is punctured to
rate approximately 0.5.

For the case of the faster fade rate (fd Ts = 0.02), the moving
average filter again exhibits an optimum filter length; however,
in this case, the corresponding BER is too high to be of practical
use. The Wiener filter again shows appreciable performance
improvement with increasing K up to K ≈ 75; beyond this
value, diminishing returns are again observed. On the basis
of this analysis, the value K = 75 and the Wiener channel
estimation filter were chosen for the faster fade rate.
2) Effect of Pilot Block Spacing: Fig. 10 shows the effect of
variation of the pilot block spacing NP for the simulation environment described in Section IV-A1. For the cases of slower
fade rate (fd Ts = 0.005) and faster fade rate (fd Ts = 0.02),
the Eb /N0 values chosen for simulations were 4.5 and 6.7 dB,
respectively, as each of these Eb /N0 values lies in the waterfall
region of the corresponding BER curve (see Figs. 3 and 4).
Results are included for the cases of hard and soft decision
feedback. In all cases, the length of the channel estimation
filter was chosen to be K = 75 based on the optimization of
Section IV-C1.
Note that all four cases exhibit two qualitative effects. First,
BER is degraded when the pilot block spacing is too low.
This is because insertion of more pilots than are necessary to
adequately track the channel incurs performance degradation
through the loss in energy efficiency due to pilot insertion
(this is 10 log10 ((NP + 2L − 1)/NP ) dB). Second, BER is
degraded when the pilot block spacing is too high. This is
because the pilot insertion frequency is not sufficiently high to
acquire the channel with precision, and the degraded channel
estimation increases BER. Also, the interval of NP -values for
which the BER is acceptable is smaller in the case of faster
fading, mainly because of the latter effect. On the basis of
this analysis, we chose NP = 20 for the slower fade rate, and

NP = 10 for the faster fade rate, for use with both hard and soft
decision feedbacks.
V. C ONCLUSION
A scheme has been proposed for iterative channel estimation,
equalization, and decoding for pilot symbol assisted transmission over a frequency selective Rayleigh fading channel. The
scheme uses a channel estimator which has low complexity and
is decoupled from the equalizer SISO module. The scheme is
compatible with any memoryless QAM modulation scheme and
with both PCC and LDPC coding. Significant performance improvement is observed for the scheme with iterative as opposed
to noniterative channel estimation. Hard decision feedback
of bit estimates derived from LLRs is simple to implement
compared to factor-graph-based methods and is very effective.
The channel estimation scheme may be regarded as a direct
generalization of Valenti and Woerner’s scheme to multitap
channels, higher order modulations and LDPC and PCC coding.
Because the scheme is demonstrated to work with both PCC
and LDPC coding, a natural implementation arises using PCC
encoding in the mobile transmitter and LDPC encoding in the
BS transmitter. This maintains the scheme’s performance while
relegating complexity to the BS transmitter and receiver.
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