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Abstract

An LDPC code construction technique is proposed based on thestructural properties of finitem-dimensional lattices.
The Tanner graph of any code from this class is shown to have a girth of eight, and the number of proper eight-
cycles in the graph is enumerated. The minimum distance of the codes is shown to be lower bounded by2m. The
codes are also shown to be highly flexible in terms of code length and rate, and compatible with a low-complexity
serial-parallel decoder implementation based on the turbo-decoding message passing algorithm. Finally, simulation
results over the AWGN channel demonstrate that these codes have good error-correcting performance.

1 Introduction

Low-density parity check (LDPC) codes, first intro-
duced in [1], are a class of linear block code which
have been shown to achieve near-capacity performance
on the AWGN channel when decoded using the ‘belief
propagation’ (or ‘message passing’) algorithm. The
first LDPC codes studied were based on pseudoran-
dom constructions [1], [2]; however recently there has
been much interest in LDPC codes based on alge-
braic and combinatorial constructions, for two main
reasons. First, the underlying structure (algebraic or
combinatorial) often means that it is possible to prove
that the derived codes have certain desirable properties
(e.g. good girth and minimum distance); second, the
structural regularity of these codes often leads to low-
complexity implementations for the LDPC decoder.
Previously it has been difficult to reap these benefits in
a joint manner while retaining a wide choice of code
parameters (length and rate).

Belief propagation is known to be BER-optimum
when the Tanner graph is a tree (contains no cycles).
It has also been shown that short cycles in the Tanner
graph inhibit the performance of the decoding algorithm
by introducing interdependence between messages [3].
Much research effort, therefore, has gone into the area
of LDPC code design with high girth in the Tanner
graph (an excellent overview is given in [4]). Our
work in [5] proposed a generalization of the Finite
Geometry LDPC codes of [6], [7], [8] to a class of
girth eight LDPC codes. This paper may be regarded
as an extension of the work of [5] to multidimensional
lattice codes. This extension is not trivial since finite
multidimensional lattices do not possess as much al-
gebraic structure as geometries; for example, they are

not vector spaces, in general. However, as we show
in the paper, the class of LDPC codes derived from
finite multidimensional lattices possesses much more
flexibility in terms of code length and rate. We note
also that this work may be viewed as a generalization
of the two-dimensional lattice LDPC codes described
in [9].

2 Mathematical Preliminaries

2.1 Multidimensional Lattices and their
Properties

We define the infinitem-dimensional latticeLi as

Li = Z × Zp2
× Zp3

× · · · × Zpm

where p2, p3, . . . pm are positive integers, i.e.Li is
the set ofm-tuples(x1, x2, x3, . . . xm) such that each
coordinatei 6= 1 is reduced modulopi. We shall refer to
the elements of the lattice aspoints. We define addition
of elements ofLi as simply a coordinate-wise addition;
this is an integer addition in the first coordinate and an
addition modulopi in coordinatei 6= 1. We also define
multiplication of elements ofLi by integers (scalars)
as simple coordinate-wise integer multiplication, with
reduction modulopi in the ith coordinate,i 6= 1. We
also define the finitem-dimensional latticeL as

L =
{

x = (x1, x2, x3, . . . xm) ∈ Li|0 ≤ x1 ≤ c − 1
}

where c is a positive integer and we assumec ≤
min {p2, p3, . . . pm}. The finite latticeL containsc ×
p2 × p3 × . . . × pm points. The all-zerom-tuple shall
be referred to as theorigin of bothL andLi and shall
be denotedo. It is worth noting that neitherL nor Li

is a vector space, sinceZ is not a field. However, we
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shall take a notational liberty and define a notion of
linear dependence of a set of points as follows. For
this definition we letZ±c denote the set of integersj
with |j| < c.

Definition 1: A subset {z1, z2, . . . zr} of Li is
said to be linearly dependentif there exist integers
α1, α2, . . . αr ∈ Z

±c, not all zero, such that
r

∑

i=1

αizi = o

Otherwise the set{z1, z2, . . . zr} is said to be lin-
early independent. Also, we refer to the expression
∑r

i=1 αizi as a linear combination of the points
z1, z2, . . . zr.

2.2 Lines and Slopes in the Lattice
For any pointx ∈ L, we callx a base pointiff x1 = 0,
i.e. iff

x = (0, x2, x3, . . . xm)

We also callx a slope iff x1 = 1, i.e. iff

x = (1, x2, x3, . . . xm)

Now, for any base pointv ∈ L and for any slopes ∈ L,
we define the line throughv with slopes as follows.

Lv (s) = {v + αs|0 ≤ α ≤ c − 1}

By considering the first coordinate, it is easy to see that
this line containsc distinct points, and is contained in
L. Each slopes ∈ L induces a partition of the finite
latticeL into p2 × p3 . . .× pm disjoint subsets, i.e. the
lines with slopes.

Theorem 1:Two pointsx, y ∈ L lie on a line with
slopes if and only if

x − y = ks

for somek ∈ Z
±c.

Proof: First, let x, y ∈ L and letx, y ∈ Lv (s).
Then

x = v + k1s for some0 ≤ k1 < c

y = v + k2s for some0 ≤ k2 < c

so
x − y = (k1 − k2) s

thus proving the first part of the theorem. Secondly, let
x, y ∈ L and suppose

x − y = ks

for somek ∈ Z
±c. If the first coordinate ofx is x1

and the first coordinate ofy is y1, then we must have
x1 − y1 = k and so

x − y = (x1 − y1) s (1)

Also note that sincex, y ∈ L, bothx1 andy1 lie in the
range0, 1, . . . c − 1. Now let v = x − x1s. It follows
from (1) that v = y − y1s. By considering the first

coordinate, it is easy to see thatv is a base point. So
we havex = v + x1s andy = v + y1s, and the result
is proved.

3 LDPC Code Class: Construction
and Properties

A low-density parity-check code is defined as the null
space of aq × n parity check matrixH, i.e. the set of
codewordsx which satisfyHx

T = 0. The term “low-
density” refers to the fact that the parity check matrix
is sparse. Associated with any LDPC code is a bipartite
graph called the Tanner graph. This consists ofn bit
(or variable) nodes, corresponding to the code bits, and
q check (or factor) nodes, corresponding to the parity
checks. Check nodei is connected to bit nodej if and
only if Hij = 1. Decoding of an LDPC code typically
uses a two-phase message passing (TPMP) algorithm
on the Tanner graph, whose two phases are: message
passing from bit nodes to check nodes, and vice versa
[1]. This was also shown to be an instance of a more
general message passing algorithm which operates on a
more general form of a Tanner graph known as a factor
graph [10], [11].

An LDPC code may be constructed using the fi-
nite multidimensional latticeL as follows. LetB =
{s1, s2, . . . sρ} be aρ-element set of slopes in the lattice
satisfying the following two conditions:

Condition 1: Any η-element subsetA of B is linearly
independent.
Condition 2: B contains at leastm linearly indepen-
dent slopes.

Here η is a design parameter and is chosen to take
the value3 or 4.

Then, a set of linesX is defined as the following
disjoint union:

X =

ρ
⋃

i=1

X (si)

whereX (si) denotes the set of all lines with slopesi.
Finally, a parity check matrixH is constructed such
that the rows ofH correspond to the lines inX and
the columns ofH correspond to the points inL. The
(i, j) entry in H is equal to1 if the ith line contains
thejth point, and is equal to0 otherwise. The resulting
parity check matrix hasq = ρ × p2 × p3 × . . . × pm

rows andn = c × p2 × p3 × . . . × pm columns. Note
that the parity check matrix may be written as the
vertical concatenation of the matricesH1,H2, . . .Hρ,
where the parity checks inHi correspond to the lines
in X (si). Note also that in the code’s Tanner graph,
bit nodes correspond to points in the geometry, while
check nodes correspond to the lines inX.

We refer to these codes as finite multidimensional
lattice (FML) LDPC codes. In this paper, we prove
some results on cycles in the Tanner graphs of these
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FML codes. To this end we define aproper 2r-cycle
to be a2r-cycle which consists of2r distinct vertices
(because the Tanner graph is bipartite, all cycle lengths
are even). From the point of view of message-passing
decoding, only proper cycles are of interest; short
proper cycles in the Tanner graph lead to performance
degradation of LDPC decoding through introduction of
interdependence between messages [3].

Theorem 2:The FML LDPC codes are regular Gal-
lager codes, and their Tanner graphs contain no proper
four-cycles.

Proof: First, each line containsc points, and each
point is contained inρ lines. Therefore, the codes are
(ρ, c)-regular. Now, suppose two pointsx, y lie on two
distinct lines, then we must have

x − y = αs1

and
x − y = βs2

for someα, β ∈ Z
±c and for somes1, s2 ∈ B (s1 6=

s2). So
αs1 = βs2 (2)

but this is impossible by Condition 1.
Note that (2) impliesβ = α (check first coordinate),
and is therefore equivalent to the condition

α (s2i − s1i) ≡ 0 (mod pi) ∀i = 2, 3, . . . m (3)

wheres1i and s2i denote theith entries ofs1 and s2

respectively. Since0 < α < c and c ≤ pi for all i,
condition (3) may be avoided simply by ensuring that
for every pair of slopess1, s2 ∈ B, the point s2 −
s1 contains at least one entry relatively prime to its
corresponding modulus.

Theorem 3:The Tanner graph of an FML code con-
tains no proper six-cycles.

Proof: Suppose the Tanner graph contains a
proper six-cycle. Then there must exist three distinct
pointsx, y, z ∈ L and three distinct slopess1, s2, s3 ∈
L such that

x − y = αs1

y − z = βs2

z − x = γs3

for some nonzero integersα, β, γ ∈ Z
±c. It follows

that αs1 + βs2 + γs3 = o; but this is impossible by
Condition 1.

Theorem 4:The number of proper eight-cycles in
the Tanner graph of an FML code withη = 4 is given
by

N
(8)
FML = nρ (ρ − 1) (c − 1)

2
/8 (4)

Proof: A variant of the proof of ([5], Theorem 3)
can be used to prove this result; however we provide
here an alternative method of proof. Assume that there
exists a path of length four in the Tanner graph from
some variable nodex to another variable nodey,

Fig. 1. Section of the Tanner graph drawn as a local rooted tree
with variabley as root. This is used in the proof of theorem 4.

passing through some variable nodez. Then we must
have

z = x + αs1

and
y = z + βs2

for someα, β ∈ Z
±c and for somes1, s2 ∈ B (s1 6=

s2). Suppose now that there exists another (distinct)
path of length four in the Tanner graph fromx to y.
This occurs if and only if there existsw 6= z such that

w = x + γs3

and
z = w + δs4

for someγ, δ ∈ Z
±c and for somes3, s4 ∈ B. Now,

this implies

αs1 + βs2 − γs3 − δs4 = o

and by Condition 1 (recallη = 4), this equation may
only be satisfied ifγs3 and δs4 are equal toαs1 and
βs2 in some order. This yields exactly one solution
with w 6= z, i.e. γ = β, s3 = s2, δ = α, s4 = s1.
Note that in this solution,w and z cannot be equal
because this would implyαs1 = βs2, contradicting
Condition 1. Now, we draw a section of the Tanner
graph of the code as a rooted tree with some variable
node y as root, and consider only the first four tiers
T1, T2, T3, T4 (y itself constitutes tierT0, and each tier
Ti consists of the neighbours to the nodes inTi−1 - see
figure 1). The first tierT1 consists ofρ factor nodes.
The second tierT2 consists ofρ (c − 1) variable nodes;
these must all be distinct since the Tanner graph has
no cycles of length four. The third tierT3 consists of
ρ (ρ − 1) (c − 1) factor nodes; these must all be distinct
since the Tanner graph has no cycles of length six.
Finally, the fourth tierT4 consists ofρ (ρ − 1) (c − 1)

2

variable nodes. By the preceding argument, these may
be split into pairs such that each pair corresponds to the
same variable. Since each pair corresponds to a proper
eight-cycle, the number of such cycles is

N
(8)
FML = nρ (ρ − 1) (c − 1)

2
/8 (5)
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Fig. 2. Partly parallel architecture for decoding of FML LDPC
codes.

The denominator corresponds to a division by two,
corresponding to the pairs, and a division by four, since
each eight-cycle is counted four times.

Theorem 5:The minimum distance of the FML
LDPC code is bounded bydmin ≥ 2m.

Proof: By condition 2,B containsm linearly in-
dependent slopes; call theses1, s2, . . . sm. Consider the
minimum weight codeword. This has positive weight;
so some pointx corresponds to a bit with value1.
Now draw the lineLx (s1); this line corresponds to
a satisfied parity check, so it contains a pointy 6= x
which corresponds to a bit with value1. Now draw
Lx (s2) and Ly (s2); these lines must contain points
w and z respectively which do not lie onLx (s1).
These points must again correspond to bits with value1.
We continue this argument, at each stage doubling the
number of points; the new points are not on the lines
already drawn since this would contradict the linear
independence ofs1, s2, . . . sm. This proves that this
codeword must have weight at least2m.

4 Partly Parallel LDPC Decoder
Implementation

A) Decoder Implementation Overview
The decoder architecture discussed in this section is
based upon ideas presented in [12]. Recall that for
any i, the rows in theith block row Hi of the parity
check matrix do not overlap and thus may be decoded
in parallel. This leads to a partly parallel decoder
architecture depicted in figure 2. The decoder operates
on a blockrow-by-blockrow basis and therefore contains
p2 × p3 × . . . × pm message processing units (MPUs)
corresponding to check nodes for the parity checks in
Hi. Thea posterioriLLRs for the code bits are stored
in memory in the natural order. These are interleaved
by the interleaverΠi corresponding to the particular
ordering of the1’s in submatrixHi, and then extrinsic
LLRs δold from the previous MPU output (LLRs corre-
sponding to messages pending at the bit nodes from the
check nodes inHi) are subtracted to form the extrinsic
input λ to the MPUs (see also the upper half of figure
3). The new MPU outputsδnew are used to update the
extrinsic LLR memory. These MPU outputs are also

δ λ

δ λ

s1 s2 sc

T2 T3 TcT1

s0

bcb3b2b1

f

bcb3b2b1

Fig. 3. Factor graph transformation to facilitate the TDMP algorithm
for decoding of FML LDPC codes.

added to the MPU inputs, and the result is deinterleaved
and stored in memory as the updateda posterioriLLRs
for the code bits. This procedure constitutes theith

subiteration; its application for eachi = 1, 2, . . . ρ
completes one iteration of LDPC decoding. Decisions
may be made on thea posteriori LLRs after any
number of these iterations.
B) Trellis-Based LDPC Decoding Algorithm
This section describes an alternative implementation
for the MPUs discussed in the previous section. Here
the MPU functionality is implemented using the turbo
decoding message passing (TDMP) algorithm, first pro-
posed in [12]. Supposef is a check node of the Tanner
graph connected to bit nodesb1, b2, . . . bc. The parity-
check equationb1⊕b2⊕ . . .⊕bc = 0 may be written in
terms of a binary-valued “state” variablesk as follows:
s0 = 0, and for eachk = 1, 2, . . . c, sk = sk−1 ⊕ bk.
Thus sc = 0 and the factorf may be further factored
as f =

∏c

k=1 Tk (sk, sk−1, bk), whereTk denotes the
indicator function[sk = sk−1 ⊕ bk]. This factorization
of f leads to the factor graph transformation depicted in
figure 3. Computationally, this transformation replaces
the factor node computation of [1] by a log-APP
algorithm [13] which executes on the two-state trellis.
Furthermore, it is shown in [12] that the computations
may be accomplished using only metric differences
which may be implemented using simple “max-quartet”
operations. The TDMP algorithm has been shown to
yield lower memory requirements and faster decoding
convergence [12].

5 Flexibility of Code Length and
Rate

The length of a codeword is given byn = c×p2×p3×
. . . × pm and the number of parity checks in the code
is given byq = ρ× p2 × p3 × . . .× pm; thusq = ρn/c
and therefore the rater of the code is lower bounded
by r ≥ (c − ρ) /c, with equality iff all the rows ofH
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Fig. 4. Achievable length and rate with three-dimensional finite
lattice LDPC codes.
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Fig. 5. Achievable length and rate with four-dimensional finite lattice
LDPC codes.

are linearly independent.
Lattice construction gives rise to a large family of

codes. As there are no restrictions placed on the values
c, p2, p3, . . . , pm other than that they are greater than
or equal to 4, a large number of values ofn are
achievable. Once a designer has chosen values forc
and p2, p3, . . . , pm a rate can be chosen by selecting
a value ofρ. The length versus rate characteristics of
codes derived from 3 and 4 dimensional lattices are
given in figures 4 and 5, respectively.

Theorem 6:The codeword lengthsn achievable at a
given rater and for a given lattice dimensionm are
approximately lower bounded byn ≥ 1/rm and n ≥
3m/(1 − r)m.

Proof: If we assume that almost all parity checks
are linearly independent, then the rate of the code is
given by r ≈ (c − ρ) /c. Good LDPC codes require
a column weight of at least three, thereforeρ ≥ 3.
The maximum rate achievable for a given value ofc
is achieved by settingρ = 3 giving r ≤ (c − 3)/c, or
equivalentlyc ≥ 3/ (1 − r). The minimum codeword
length is given byn ≥ cm. Combining these inequali-
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Uncoded BPSK
(591,990) LDPC code
(2101,4096) LDPC code
Shannon Limit − rate = 0.597
Shannon Limit − rate = 0.513

Fig. 6. BER and FER performance of the two example LDPC
codes generated from finite multidimensional lattices. 20 iterations of
the partly parallel decoder with the turbo decoding message passing
algorithm are used in decoding.

ties givesn ≥ cm ≥ 3m/(1− r)m. The minimum non-
zero rate achievable at a given value ofc is achieved by
settingρ = c − 1 giving a rate ofr = 1/c. Combining
this with n ≥ cm gives n ≥ 1/rm. These bounds are
illustrated in figures 4 and 5.

6 Error Correcting Performance

In this section, error correction capability is demon-
strated for two example girth-8 FML codes. BPSK
transmission over the AWGN channel was assumed,
and in each case decoding continued until either a
valid codeword was detected (via syndrome check) or
a maximum of20 iterations were completed.

The first code was constructed from a three-
dimensional finite lattice withc = 9, p2 = 10
and p3 = 11. A slope setB = {s1, s2, s3, s4} =
{(1, 0, 0) , (1, 1, 0) , (1, 0, 1) , (1, 1, 1)} of size ρ = 4
was used to generate parity checks; this slope set has
η = 3. It may easily be checked thatB satisfies
Condition 1; for example,αs1 + βs2 + γs3 = 0
implies α + β + γ = 0, p2 divides β and p3 divides
γ, which can only hold forα = β = γ = 0 since
|β| , |γ| < c ≤ p2, p3. The linear independence of the
other3-element subsets ofB may be shown in a similar
manner. The resulting LDPC code has length 990 and
consists of 440 parity checks 399 of which are linearly
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independent, thus giving this code an approximate rate
of 0.6.

The second code was constructed from a four-
dimensional finite lattice withc = p2 = p3 = p4 = 8.
A slope setB = {s1, s2, s3, s4, s5} = {(1, 0, 0, 0) ,
(1, 1, 0, 0), (1, 0, 1, 0), (1, 0, 0, 1), (1, 1, 1, 1)} of size
ρ = 4 was used to generate parity checks; this slope
set hasη = 4. Again it may be checked that this setB
meets Condition 1. The resulting LDPC code has length
4096 and consists of 2560 parity checks 1995 of which
are linearly independent, yielding an approximate code
rate of 0.5.

The bit error rate (BER) performance of these codes
is shown in figure 6. The curves shown are for the
practical low-complexity serial-parallel implementation
with the turbo decoding message passing algorithm.
Both sample codes are seen to exhibit steep ‘waterfall’
effects near to their respective Shannon limits, with a
steepening of the waterfall and a tightening of the gap
to capacity as the code length increases.

7 Conclusion
A class of LDPC codes based on finite multidimen-
sional lattices has been proposed. This code class was
shown to exhibit many desirable properties, including: a
girth of eight in the Tanner graph; an exact enumeration
of the number of proper eight-cycles in the graph;
a lower bound on the code minimum distance; good
flexibility of code parameters (code length and code
rate); low implementation complexity; and finally, good
error-correcting performance.
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