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Abstract: Adaptive algorithms which perform minimum-phase – all-pass (MP– AP) decomposition of a finite
impulse response system are proposed. The first algorithm models the MP component of the system as a
lattice filter cascaded with a gain stage. The algorithm has a low misconvergence probability, and is capable of
detecting misconvergence during or after adaptation. Two further algorithms are proposed based on the
theory of the bicepstrum. One adaptively solves a finite linear system of equations and the other an
augmented nonlinear system. The first has an error sensitive to the proximity of the system zeros to the unit
circle, whereas the second, although more computationally intensive, may approach the exact MP– AP
decomposition given a sufficient number of iterations. These real-time MP–AP decomposition algorithms have
applications in the stabilisation of compound precoding, which is a pre-equalisation technique included as an
option in the V.92 high-speed modem standard.
1 Introduction
It is well known (see e.g. [1]) that any finite impulse response
(FIR) system G(z) of order p may be uniquely decomposed
into the cascade of a minimum-phase (MP) component
W(z) (FIR, of order p) and an all-pass (AP) component.
This decomposition may, of course, be effected by invoking
standard rootfinding algorithms; in this paper however,
adaptive algorithms are proposed that may effect this
decomposition in a real-time digital signal processing (DSP)
application. To the authors’ knowledge such algorithms have
not been reported previously in the literature. Our motivation
is the fact that in compound precoding, a power-efficient
method for combining decision-feedback equalisation (DFE)
with trellis coding in a modem transmitter, a real-time
MP–AP decomposition of the precoder feedforward filter is
necessary for implementation stability [2, 3]. Compound
precoding is an option in the V.92 modem standard [4].

The lattice filter is a linear filter structure commonly used
in linear prediction of signals (see e.g. [5]), and the least-squares
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lattice predictor has been successfully applied to problems
in speech coding [6] and blind equalisation [7]. It may
be shown [5] that every transversal implementation
of a minimum-phase FIR filter has an equivalent
implementation in the form of a lattice filter followed by a
gain stage. The bijective mapping from one filter
implementation to the other may be achieved via the
Levinson–Durbin and inverse Levinson–Durbin
recursions. We derive and evaluate a gradient-adaptive
algorithm to achieve this decomposition where the MP
component is implemented as a lattice filter followed by a
gain stage, and updated accordingly. All stochastic updates
are derived by substituting sample correlation for true
correlation in the steepest descent updates, as in the
ordinary least-mean-square (LMS) algorithm. The lattice
structure has the advantage that upon convergence we may
easily test whether the filter W (z) given by the algorithm is
actually minimum-phase. A necessary and sufficient
condition for the filter to be minimum-phase is that all the
reflection coefficients of the lattice filter have magnitude
less than unity; therefore failure of this condition, and
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hence misconvergence of the algorithm, may be detected at
any stage during adaptation. In [8] a gradient-adaptive
lattice filter was proposed for linear prediction; here the
cost function was taken to be the sum of the forward and
backward prediction energies, which is specific to the linear
prediction problem. The matching [in the minimum mean-
squared error (MMSE) sense] of the lattice filter output to
a desired output signal, which is proposed in this paper, is
of more general application.

The bicepstrum is a signal representation with applications
in blind deconvolution [9, 10] as well as signal time delay
estimation and system identification [11]. In these
applications, the algorithms usually involve estimation of
the higher-order statistics of a (possibly noisy) data
sequence. We propose two gradient-adaptive algorithms for
performing MP–AP decomposition of an FIR system
based on the theory of the bicepstrum. Our present work
differs fundamentally from the previous works described, in
that we target decomposition of a known system in the
absence of noise. Thus, our problem lies in how to handle
an infinitely large but exact system of linear equations, as
opposed to problems of moment or cumulant estimation
and noise suppression. The theory of the bicepstrum yields
a relationship between the infinite set of differential
cepstrum parameters and a certain finite set of third-order
cumulants, in the form of an infinite system of linear
equations, these cumulants being generated in a
straightforward manner from the coefficients of the filter
G(z). If this system could be solved exactly, the exact MP–
AP decomposition of G(z) could be computed using simple
recursion formulas involving only a small subset of the
differential cepstrum parameters. The first algorithm solves
the truncated linear system via steepest descent, and
involves an approximation error dependent on the
proximity of the filter zeros to the unit circle. The second
algorithm, based on steepest descent solution of a non-
linear augmented system, is more computationally
intensive, but simulations show that it may converge to the
exact MP–AP decomposition.

The paper is organised as follows. Section 2 describes the
proposed gradient adaptive lattice filtering algorithm for
MP–AP decomposition, and Section 3 describes the
bicepstrum-based algorithms. Section 4 presents simulation
results for all algorithms and Section 5 concludes the work.

2 MP–AP decomposition based
on adaptive lattice filtering
2.1 Adaptive lattice filtering for
desired response

First we address the general problem of updating the
reflection coefficients of a lattice filter in order to obtain
MMSE between the upper output signal and a desired
response. Consider the circuit shown in Fig. 1. The
IET Signal Process., 2010, Vol. 4, Iss. 1, pp. 12–21
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equations governing the operation of the lattice filter are

f (m)
k ¼ f (m�1)

k þ gmb(m�1)
k�1

b(m)
k ¼ gm f (m�1)

k þ b(m�1)
k�1

(1)

for m ¼ 1, 2, . . ., p. Given the input signal {xk} and the
desired response {dk}, the problem is to adapt the reflection
coefficients gj, j ¼ 1, 2, . . ., p in order to minimise the
mean-squared error (MSE)

J ðfgjgÞ ¼ E{e2
k }

where ek ¼ f
(p)

k � dk. In order to derive a stochastic gradient
algorithm, we need to estimate @J=@gj for each gj . It is easy to
see that for any j [ f1, 2, . . ., pg, ek can be written as Aþ Bgj,
where A, B are independent of gj . Therefore

@J

@gj

¼
@

@gj

E A þ Bgj

� �2
� �

¼ 2E ABf g þ 2gjE B2
� �

¼ 2E A þ Bgj

� �
B

n o

¼ 2E ek

@ek

@gj

( )

¼ 2E ek

@f
( p)

k

@gj

( )

¼ 2E{eks
( j)
k }

where we define s
( j)
k ¼ @f

( p)
k =@gj for each j [ f1, 2, . . ., pg.

Next, choose any j [ f1, 2, . . ., pg. Observe that the
sequences f

( j�1)
k and b

( j�1)
k�1 are independent of gj .

Therefore, putting m ¼ j in (1) and differentiating with
respect to gj , we obtain

@f
( j)

k

@gj

¼ b
( j�1)
k�1

Figure 1 Adaptive lattice filtering for desired response

The reflection coefficients of the lattice filter are adapted to
minimise the mean-squared error between the lattice filter
output fk

(p) and the desired response dk
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and

@b
(j)
k

@gj

¼ f
( j�1)

k

Also, differentiating (1) with respect to gj for any
m [ f jþ 1, jþ 2, . . ., pg yields

@f (m)
k

@gj

¼
@f (m�1)

k

@gj

þ gm

@b(m�1)
k�1

@gj

@b(m)
k

@gj

¼ gm

@f (m�1)
k

@gj

þ
@b(m�1)

k�1

@gj

This means that each s
(j)
k can be computed using a sublattice,

as shown in Fig. 2. Each of these sublattices is attached to the
main lattice of Fig. 1 at the appropriate point. The steepest
descent update for the {gj} is then simply

g
(kþ1)
j ¼ g

(k)
j � mE{eks

( j)
k }

Replacing true correlation with sample correlation yields the
adaptive algorithm

g
(kþ1)
j ¼ g

(k)
j � meks

(j)
k

Note that the sublattice of Fig. 2 which computes s
(j)
k requires

p 2 j lattice stages. Therefore the entire lattice structure,
including sublattices, requires 1þ 2þ . . . þ p ¼ p(pþ 1)/
2 lattice stages instead of the usual p stages.

2.2 Gradient-adaptive lattice-based
MP–AP decomposition algorithm

The adaptive circuit for the MP–AP decomposition
algorithm based on the gradient-adaptive lattice filter is
shown in Fig. 3. The FIR filter G(z) has order p and
models the system to be decomposed. The MP component
W (z) is implemented as a lattice filter with coefficients {gj}
followed by a gain stage b. The IIR section composed of
the filters C(z) and z�pC(z�1)� 1 represents the all-pass
component. All filters have order p in order to cater for the
possibility of a maximum-phase G(z). The coefficient cp is
set to unity and is not updated by the adaptive algorithm.

Figure 2 Sublattice for computation of sk
( j), j [ f1, 2, . . ., pg

These sequences are used to update the reflection coefficients of
the adaptive lattice filter of Fig. 1
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Note that the section comprising the feedforward and
feedback filters with coefficients {cj} is guaranteed to be all-
pass for any {cj} (and hence at any stage during adaptation)
because of the reversal of the coefficients in the feedback
section. The MSE is defined as J ({cj}, {gj}, b) ¼ E{e2

k }.
If the convolution of w ¼ (w0 w1 . . . wp) and
c ¼ (c0 c1 . . . cp) is denoted h ¼ (h0 h1 . . . h2p),
then the MSE may be written as

J ¼
h
c

� 	T

Q
h
c

� 	

where Q is a matrix having as entries elements of the
autocorrelation sequence Ru(i) ¼ E ukuk�i

� �
and the cross-

correlation sequence Rud (i) ¼ E ukdk�i

� �
. We assume that

these two correlation sequences are stationary; hence so is
the MSE. From Fig. 3, the estimation error at time step k
may be written as

ek ¼ zk � dk

¼
Xp

j¼0

cjqk�j �
Xp�1

j¼0

cjdk�pþj � dk

¼
Xp�1

j¼0

cj(qk�j � dk�pþj)� dk � qk�p

� �

The sequences {qk} and {dk} are independent of {cj}.
Therefore the gradient of J with respect to {cj} is given by

@J

@cj

 !(k)

¼ 2E{ek(qk�j � dk�pþj)}

Replacing true correlation by sample correlation, we obtain
the stochastic gradient update for {cj} as

c(kþ1)
j ¼ c(k)

j � mek(qk�j � dk�pþj)

An equivalent circuit to that of Fig. 3 is shown in Fig. 4.
Since ek ¼ f

(p)
k � ak þ dk


 �
, the update for the reflection

coefficients {gj} is as presented in the discussion of Section
2.1 on adaptive lattice filtering for desired response, that is

g(kþ1)
j ¼ g(k)

j � meks
(j)
k , j ¼ 1, 2, . . . ; p

Figure 3 Lattice-based adaptive circuit for MP – AP
decomposition of an FIR system G(z)
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where s
( j)
k is computed by the sublattices. To derive the

update for the gain parameter b, note that if the order of
the lattice filter and gain stage were switched in Fig. 4, the
input to the gain stage would be f

(p)
k =b. Therefore the update

for the gain parameter b may be obtained simply as the
stochastic gradient update for a single-tap FIR filter, that is

b(kþ1)
¼ b(k)

� mek

f
(p)

k

b(k)

 !

Finally, note that if the circuit of Fig. 4 is implemented, the
entire equivalent circuit of Fig. 3 need not be. The lattice
filter (without sublattices) and gain stage, followed by a
p-element delay line, are sufficient.

Note that the MSE (as a function of the coefficients to be
updated) forms a multimodal surface. There are in general 2p

valid MMSE solutions, for each of which the lattice filter has
the same magnitude response. This is in contrast to the usual
application of lattice filtering in linear prediction, where the
lattice filter must be minimum-phase. Only one of the 2p

MMSE solutions yields a minimum-phase W (z); therefore
convergence of the adaptive algorithm to the MP–AP
decomposition is not guaranteed, but depends strongly on
the initialisation of the algorithm. We advocate
initialisation of the reflection coefficients to g

(0)
j ¼ 0 for

j ¼ 1, 2, . . ., p; this filter is ‘minimum-phase optimum’ in
the sense that its zeros are at maximum distance from the
unit circle while maintaining minimum-phase.

3 MP–AP decomposition
algorithms based on the bicepstrum
In this section, we describe two algorithms to perform
MP–AP decomposition of the FIR system G(z), based on
the theory of the bicepstrum. The pertinent details of this
theory are presented in Section 3.1. This theory yields a
relationship between the infinite set of differential cepstrum
parameters and a certain finite set of third-order cumulants,
in the form of an infinite system of linear equations, these
cumulants being generated in a straightforward manner
from the coefficients of the filter G(z). If this system could
be solved exactly, the exact MP–AP decomposition of G(z)

Figure 4 Equivalent circuit to that of Fig. 3

The lattice filter in this circuit is equipped with sublattices to
compute fsk

( j)
g, j ¼ 1, 2, . . ., p
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could be computed using simple recursion formulas
involving only a small subset of the differential cepstrum
parameters. The first presented algorithm solves the
truncated linear system via steepest descent, and the second
performs steepest descent solution of this system
augmented with non-linear equations. The proposed
bicepstrum-based algorithms are generally more
computationally intensive than the algorithm of Section 2.2
but do not suffer from the problem of misconvergence.

3.1 Theory of the bicepstrum

In this section we develop the relevant relationships between the
minimum- and maximum-phase components of G(z), the set
of third-order cumulants associated with G(z) and the
differential cepstrum parameters. This development borrows
from [10, 12].

For the sequence {g(n)} with Z-transform G(z), the
complex cepstrum is defined as [1]

gc(n) ¼ Z�1{ log G(z)}

and the differential cepstrum as

gd(n) ¼ Z�1 @

@z
log G(z)

� �

For the case at hand, the finite sequence of filter
coefficients

g(0), g(1), . . . ; g(p)

has Z-transform

G(z) ¼
Xp

n¼0

g(n)z�n

This filter of order p has M zeros {ai} inside the unit circle
and N zeros {ci} outside the unit circle, where MþN ¼ p.
G(z) can thus be factored into minimum-phase and
maximum-phase components as (here, to simplify the
presentation, we adopt the notation T B(z) ¼ z�tT (z�1)
where T (z) is a filter of order t)

G(z) ¼ AI (z)QB(z) (2)

where both I(z) and Q(z) are causal, monic and minimum-
phase, and have orders M and N, respectively. We use the
notation

I (z) ¼
XM
n¼0

i(n)z�n

and

Q(z) ¼
XN

n¼0

q(n)z�n

I(z) has zeros {ai} and Q(z) has zeros {bi}, and we
define ci ¼ 1=bi for each i. We also define the
15
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anticausal filter O(z) ¼ QB(z)zN , so the factorisation of
G(z) becomes

G(z) ¼ AI (z)O(z)z�N (3)

The quantities

Ak ¼
XM
i¼1

ak
i (4)

and

Bk ¼
XN

i¼1

bk
i (5)

for k ¼ 1, 2, . . . are related to the differential cepstrum
parameters as

id (n) ¼
An�1, n � 2

0, n � 1

�
(6)

and

od (n) ¼
�B1�n, n � 0

0, n � 1

�
(7)

Therefore in what follows we shall also refer to {Ak} and
{Bk} as the differential cepstrum parameters. Note that
since both I(z) and Q(z) are minimum-phase, we have
jaij , 1 and jbij , 1 for each i, and therefore the
sequences {Ak} and {Bk} are both monotonically
decreasing sequences that converge to zero as k! 1.

Next, if the system G(z) is driven by a zero-mean input
x(n) satisfying

E x(i)x(j)x(k)
� �

¼
1, i ¼ j ¼ k
0, otherwise

�

(The two-level i.i.d. sequence x(n)jP x(n) ¼ 22=3

 �

¼
�

1=3, P(x(n) ¼ �2�1=3) ¼ 2=3g, for example, satisfies this
condition.)

Then the third-order cumulants of the output sequence
y(n) are

C(m, n) ¼ E{y(i)y(i þ n)y(i þ m)}

¼ E
X
r[Z

g(r)x(i � r)
X
l[Z

g(l )x(i þ n� l )

(

�
X
s[Z

g(s)x(i þ m� s)

)

¼
X
r[Z

X
l[Z

X
s[Z

g(r)g(l )g(s)E{x(i � r)

� x(i þ n� l )x(i þ m� s)}

¼
X
r[Z

g(r)g r þ nð Þg r þ mð Þ
6
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Note that if G(z) is of order p then C(m, n) ¼ 0 outside the
hexagonal region

{(m, n) [ Z2 : jmj � p, jnj � p, jm� nj � p}

The bispectrum of y(n) is defined as the two-dimensional Z-
transform of the third-order cumulant sequence [12], that is

S(z1, z2) ¼
X
m[Z

X
n[Z

C(m, n)z�m
1 z�n

2

So

S(z1, z2)¼
X
m[Z

X
n[Z

X
k[Z

g(k)g(kþn)g kþmð Þ

" #
z�m

1 z�n
2

¼
X
k[Z

g(k)
X
m[Z

g kþmð Þz�m
1

" # X
n[Z

g(kþn)z�n
1

" #

¼
X
k[Z

g(k) G(z1)zk
1

� 
G(z2)zk

2

� 
¼G(z1)G(z2)

X
k[Z

g(k)zk
1zk

2

¼G(z1)G(z2)G z�1
1 z�1

2


 �
Note that the expression

G(z1)G(z2)G z�1
1 z�1

2


 �
¼ AI (z1)O(z1)z�N

1

� 
� AI (z2)O(z2)z�N

2

� 
� AI z�1

1 z�1
2


 �
O z�1

1 z�1
2


 �
z�1

1 z�1
2


 ��N
h i
¼A3I (z1)O(z1)I (z2)O(z2)I z�1

1 z�1
2


 �
O z�1

1 z�1
2


 �
contains no term in N, the number of zeros of G(z) outside
the unit circle, even though G(z) does. [This leads to the
property that the algorithms of Sections 3.2 and 3.3 do not
require knowledge of the value of N; this property is the
reason for use of the bicepstrum rather than the complex
cepstrum for this development.]

The bicepstrum of y(n) is defined as

c(m, n) ¼ Z�1 log S(z1, z2)
� �

and can be shown to equal [13]

c(m, n) ¼

log A3, m ¼ n ¼ 0
�An=n, m ¼ 0, n . 0
B�n=n, m ¼ 0, n , 0
�Am=m, n ¼ 0, m . 0
B�m=m, n ¼ 0, m , 0
A�m=m, m ¼ n , 0
�Bm=m, m ¼ n . 0

0, otherwise

8>>>>>>>>>><
>>>>>>>>>>:

(8)

A relationship may be derived between the third-order
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cumulants C(m, n) and the differential cepstrum parameters
as follows. Defining

s(z1, z2) ¼ log S(z1, z2)

we have

@s(z1, z2)

@z1

¼
1

S(z1, z2)

@S(z1, z2)

@z1

z1

@s(z1, z2)

@z1

� �
S(z1, z2) ¼ z1

@S(z1, z2)

@z1

� �

Taking the two-dimensional inverse Z-transform

�mc(m, n)½ � � C(m, n) ¼ �mC(m, n) (9)

Substituting (8) for the bicepstrum parameters c(m, n) in the
convolution sum yields

X1
k¼1

{Ak C m� k, nð Þ � C mþ k, nþ kð Þ½ �

þ Bk C m� k, n� kð Þ � C mþ k, nð Þ½ �}

¼ �mC(m, n)

(10)

This equation relates the third-order cumulants to the
differential cepstrum parameters. The differential cepstrum
parameters then relate to the minimum- and maximum-
phase components of G(z) via

Xn

k¼1

Aki(n� k) ¼ �ni(n) (11)

and

Xn

k¼1

Bkq(n� k) ¼ �nq(n) (12)

for n � 1. We conclude that the theory of the bicepstrum
yields a relationship (via (10)) between the set of third-
order cumulants {C(m, n) : (m, n) [ Z2} and the set of
differential cepstrum parameters {Ak : k � 1} < {Bk : k � 1},
and also a relationship (via (11) and (12)) between a subset
of the differential cepstrum parameters {Ak : 1 � k � n} <
{Bk : 1 � k � n} and the minimum- and maximum-phase
components of G(z), that is, {i(n) : n � 1} < {q(n) : n � 1}.

3.2 Bicepstrum-based gradient-adaptive
algorithm 1: linear system solution

First note that (10) holds for each (m, n) [ Z2. We consider
only equations corresponding to (m, n) pairs that lie in the
union of three sets that are subsets of three lines in the plane

S1 ¼ (m, n) [ Z2
j m ¼ 1, 0 � n � pþ 1

� �
S2 ¼ (m, n) [ Z2

j n ¼ 0, m � 2
� �

S3 ¼ (m, n) [ Z2
j m ¼ n � 2

� �
IET Signal Process., 2010, Vol. 4, Iss. 1, pp. 12–21
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[The choice of subsets S1, S2 and S3 is motivated by the
symmetry properties of the third-order cumulant sequence.
The third-order cumulant sequence has a 6-fold symmetry
in the (m, n) plane (cf. [14]), i.e. C(m, n) ¼ C(n, m) ¼
C(–n, m 2 n) ¼ C(–m, n 2 m) ¼ C(m 2 n, –n) ¼ C(n 2 m,
–m). This symmetry implies that many of the equations in the
system of (10) are linearly dependent. The choice of this
particular subset of equations avoids linear dependence of
equations due to these symmetries.]

Note that when m . p, the set S2 yields difference
equations in the {Ak}

X1
k¼1

AkC m� k, 0ð Þ ¼ 0, m . p

and when m . p, the set S3 yields difference equations in the
{Bk}

X1
k¼1

BkC m� k, m� kð Þ ¼ 0, m . p

We have an infinite set of linear equations; therefore we
consider only the equations for m � E, for some positive
integer E. These correspond to the set S ¼ {(m, n) [
S1 < S2 < S3j m � E}. This yields 2Eþ p equations in
2(Eþ p) unknowns {A1, A2, . . . ;AEþp,
B1, B2, . . . ;BEþp}. This system is underdetermined by p
equations; therefore we make the approximation Ai ¼ 0 for
i . R ¼ E þ p� r and Bi ¼ 0 for i . S ¼ E þ p� s,
where r ¼ [p/2] and rþ s ¼ p. By (4) and (5), the accuracy
of this approximation increases with increasing distance of
the zeros of G(z) from the unit circle; also, since {Ak} and
{Bk} are monotonically decreasing sequences, the accuracy
of the approximation increases with increasing E. The
resulting reduced (2Eþ p) � (2Eþ p) system

JaþQb ¼ u

where a ¼ A1 A2 . . . AR


 �T
, b ¼ B1 B2 . . .



BSÞ

T,
J is an (Rþ S) � R matrix and Q is an (Rþ S) � S matrix
is in general rank-deficient; its solution via singular value
decomposition takes significant computational effort,
especially for large values of E. Therefore a steepest descent
algorithm is used in order to avoid the computational
complexity associated with computation of the
pseudoinverse. The error vector is defined as

e ¼ JaþQb� u (13)

The sum of error squares is then

I ¼ eTe ¼
X

(m,n)[S

e(m, n)2

and the gradient of I with respect to the differential cepstrum
17
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parameters is given by

@I

@A1

@I

@A2

. . .
@I

@AR

� 	T

¼ 2J Te (14)

and

@I

@B1

@I

@B2

. . .
@I

@BS

� 	T

¼ 2QTe (15)

yielding a steepest descent update for the differential
cepstrum parameters as

a(kþ1)
¼ a(k)

� mJ Te

b(kþ1)
¼ b(k)

� mQTe

The minimum- and maximum-phase components of G(z)
are then solved for using the recursions (11) and (12).
Finally, the gain parameter A is solved for as follows. First,
the estimates of i(n) and q(n) yielded by (11) and (12) are
combined to form x(n) ¼ i(n) � qB(n), where qB(n) is the
inverse Z-transform of QB(z), and is equal to q(N � n).
Then, in light of (2), A is estimated as the mean value of
g(n)/x(n) over n [ 0, 1, . . . ; p

� �
, that is

Â ¼
1

pþ 1

Xp

n¼0

g(n)

x(n)

3.3 Bicepstrum-based gradient-adaptive
algorithm 2: non-linear system solution

A problem with the previous algorithm is that it can at best
yield only an approximate solution for the differential
cepstrum parameters. This is because a finite subset of the
equations given by (10) does not contain enough
information to solve for {Ak} and {Bk} exactly, and is also
because certain of the {Ak} and {Bk} are approximated to zero.

The algorithm of this section solves iteratively for vectors
a ¼ (A1 A2 . . . AEþp)T and b ¼ (B1 B2 . . . BEþp)T.
The linear system (10) with (m, n) [ S yields 2Eþ p
equations that must be satisfied; as in the algorithm of Section
3.2 this yields a cost function I1 ¼ eTe, where the error vector
e is given by (13). This time, however, none of the variables
{Ak} or {Bk} are approximated to zero, that is, r ¼ s ¼ 0. Also,
in light of (11), defining

tn ¼
Xn

k¼1

Aki(n� k)þ ni(n) (16)

we must have tn ¼ 0 for n � 1. We may obtain tn ¼ 0 for
n ¼ 1, 2, . . ., p by regarding the fi(n)jn ¼ 1, 2, . . ., pg as
functions of the fAkjk ¼ 1, 2, . . ., pg via (16). We can then
form another cost function

I2 ¼ tTt
8
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where t ¼ (tpþ1 tpþ2 . . . tEþp)T. To obtain an estimate of the
gradient of I2 with respect to the Ai’s, we use the fact that from
(16)

@tn

@Aj

¼
i(n� j), n � j

0, otherwise

�

so we have

@I2

@A1

@I2

@A2

. . .
@I2

@AEþp

 !T

¼ 2MT
t t (17)

where Mt is the E � (Eþ p) Toeplitz matrix

Mt ¼

@tpþ1

@A1

@tpþ1

@A2

. . .
@tpþ1

@ApþE

@tpþ2

@A1

@tpþ2

@A2

. . . ..
.

..

. ..
. . .

. ..
.

@tpþE

@A1

. . . . . .
@tpþE

@ApþE

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

¼

i(p) i(p� 1) . . . 0

0 i(p) . . . ..
.

..

. ..
. . .

.
0

0 0 . . . i(0)

0
BBBBB@

1
CCCCCA

The gradient of I2 with respect to the fBig is zero.

A similar argument applies with

sn ¼
Xn

k¼1

Bkq(n� k)þ nq(n)

Figure 5 MSE convergence, ensemble averaged over 5000
simulations of the adaptive lattice filtering algorithm of
Section 2.2
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The equations sn ¼ 0 for n ¼ 1, 2, . . ., p allow the recursive
solution for the q(n), n ¼ 1, 2, . . ., p. We form another cost
function

I3 ¼ sTs

where s ¼ (spþ1 spþ2 . . . sEþp)T, and the gradient of
I3 with respect to the fBig is

@I3

@B1

@I3

@B2

. . .
@I3

@BEþp

 !T

¼ 2MT
ss (18)

Figure 6 Pole-zero diagram of the FIR system G(z) used to
test the adaptive algorithm of Section 2.2
IET Signal Process., 2010, Vol. 4, Iss. 1, pp. 12–21
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where Ms is the E � (Eþ p) Toeplitz matrix

Ms ¼

q(p) q(p� 1) . . . 0

0 q(p) . . . ..
.

..

. ..
. . .

.
0

0 0 . . . q(0)

0
BBBBB@

1
CCCCCA

The gradient of I3 with respect to the fAig is zero.

We seek the solution (a, b) that minimises the overall cost
function

I ¼
X3

k¼1

Ik

It may be deduced from (14), (15), (17) and (18) that a
gradient-based solution to this problem is achieved via the
steepest descent updates

a(kþ1)
¼ a(k)

� mJ Te� mMT
t t

and

b(kþ1)
¼ b(k)

� mQTe� mMT
ss

where at every iteration the final terms in the two equations
are computed by using the a(k) and b(k) vectors to solve for
{i(n)jn ¼ 1, 2, . . . ; p} and {q(n)jn ¼ 1, 2, . . . ; p} via (11)
and (12).
Figure 7 Pole-zero diagram for the MP component (left) and the AP component (right) of G(z) given by the adaptive
algorithm of Section 2.2
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4 Simulation results
The lattice-based adaptive algorithm of Section 2.2 was tested
on a set of 5000 filters G(z) of order p ¼ 9, the coefficients of
G(z) in each case being taken from a uniform probability
distribution on the interval [21, 1]. Since the MSE
function forms a multimodal surface, the choice of initial
filter coefficients is important. The reflection coefficients
were initialised to g(0)

j ¼ 0 for j ¼ 1, 2, . . ., p as described in
Section 2.2. The gain parameter was initialised to b(0)

¼ 10.
Small values of b(0) (�1) were found to result in more
probable convergence to a non-minimum-phase W(z),
whereas large values of b(0) (�100) were found to result in
numerical instability. C(z) was initialised as a comb filter,
that is, c(0)

0 ¼ c(0)
p ¼ 1 and c(0)

j ¼ 0 for j � {0, p}, so that
initially the all-pass section has cancelling pole-zero pairs

Figure 8 Pole-zero diagram for the FIR filter G(z) used to
test the performance of the bicepstrum-based algorithms
0
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evenly spaced on the unit circle. The excitation {uk} was
chosen as a white sequence (with elements equiprobable in
f21, þ1g) in order to identify the system G(z) at all
frequencies. The step size was chosen as m ¼ 1023, small
enough so that of the 5000 simulation runs, each of 20 000
iterations, none diverged.

As the filter W(z) converges to the MP component of G(z),
the zeros of the all-pass filter move out from the unit circle and
the poles of the all-pass filter (which are the reciprocals of its
zeros) move inside the unit circle to provide the correct
compensation. It was found that in 4628 of the 5000 cases,
the filter given by the algorithm was minimum-phase (92.6%
success rate), and the average final MSE was 1.9 � 1022.
Fig. 5 shows the evolution of the ensemble averaged MSE
with the number of iterations. Also, by way of illustration, z-
plane results are shown in Figs. 6 and 7 for one of these filters
G(z). Fig. 6 shows the pole-zero diagram of the original filter
to be decomposed. Fig. 7 shows the pole-zero diagrams of the
MP and AP components given by the adaptive algorithm.

The adaptive algorithm of Section 3.2 was tested on a variety
of systems G(z) of different orders. The value of E required for
adequate performance was found to increase with the filter
order p, in general. Note, however, that for any p, the
possibility of the zeros of G(z) being very close to the unit
circle means that good performance cannot be guaranteed no
matter how large a value of E is chosen. As a general
illustration of performance, we demonstrate the results where
the algorithm is applied to the FIR filter of Fig. 8 with
p ¼ 18 and M ¼ N ¼ 9, which is particularly challenging in
that it exhibits both a large value of p and a number of zeros
close to the unit circle. The step size m ¼ 0.015 was found
to give good convergence, and the truncation depth was
chosen as E ¼ 60 (lower values of E caused noticeable
performance degradation). Because of the rapid initial
Figure 9 Comparison of I(z) zeros given by the algorithm of Section III-B (left) with actual I(z) zeros (right) for the FIR system G(z)
IET Signal Process., 2010, Vol. 4, Iss. 1, pp. 12–21
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convergence of the algorithm, only 1000 iterations were
necessary to achieve a cost function value below 1023. The
algorithm was terminated at this point, although (as in any
other steepest descent algorithm) the cost function becomes
arbitrarily small given a sufficient number of iterations.
Fig. 9 compares the z-plane diagram of the estimated MP
component with the actual z-plane diagram. It may be seen
that the positions of the estimated zeros are indistinguishable
from their actual positions in the complex plane, even
though G(z) has zeros close to the unit circle.

The adaptive algorithm of Section 3.3 was found to exhibit
much slower initial convergence than the algorithm of Section
3.2, in general. As an illustration of performance, the
algorithm was applied to the FIR system shown in Fig. 8. The
simulation parameters were E ¼ 60 and m ¼ 0.01. After
8 � 104 iterations, all estimated coefficients of the polynomials
I(z) and Q(z) were found to agree with their actual values to
three decimal places (the corresponding z-plane diagrams are
indistinguishable and are therefore omitted). In all cases tested,
no flooring effect of the cost function was exhibited. It is left as
an interesting open problem to prove that the proposed
algorithm has the property of guaranteed convergence to the
exact MP–AP system decomposition.

5 Conclusion
Three new adaptive algorithms that perform real-time MP–AP
decomposition of an FIR system have been proposed and
evaluated. The first algorithm, based on adaptive lattice
filtering, models the minimum-phase component of the
system as a lattice filter cascaded with a gain stage. With this
adaptive filter structure, algorithm misconvergence is of low
probability and is immediately detectable. The other two
algorithms are based on the theory of the bicepstrum. The
second algorithm solves a system of linear equations via
steepest descent, and incurs an approximation error dependent
on the proximity of the system zeros to the unit circle. The
third algorithm solves a companion system of non-linear
equations via recursion and has the distinct advantage of being
capable of converging to the exact MP–AP decomposition.
As well as having general application, these algorithms may be
used to perform the MP–AP decomposition required for
stability of compound precoding in the V.92 modem.
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