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Problem 1 (IMO 1987):

Let pn (k) denote the number of permutations of the set {1, 2, . . . n} which have
k �xed points. Prove that

n∑

k=0

kpn (k) = n!

Problem 2 (The `Knights and Spies' Problem):

You arrive on an island inhabited by 100 people. Each of these people is either
a Knight or a Spy. Knights always tell the truth, but Spies may lie or tell the
truth. There are more Knights than Spies on the island.

You may ask the inhabitants questions of the form �Are you a Knight or a
Spy?� or �Is person X a Knight or a Spy?�.

Show how to determine, in 150 questions, who are the Knights and who are
the Spies.

Problem 3 (IMO 1996):

Let ABCD be a rectangular board, with |AB| = 20 and |BC| = 12. The board
is divided into 20 × 12 unit squares. Let r be a given positive integer. A coin
may be moved from one square to another if and only if the distance between
the centres of the two squares is √r. The task is to �nd a sequence of moves
taking the coin from square A to square B.

(a) Show that the task cannot be done if r is divisible by 2 or 3.

(b) Prove that the task can be done if r = 73.

(c) Can the task be done if r = 97?
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Problem 4 (IMO 1993):

On an in�nite chessboard, a game is played as follows. At the start n2 pieces
are arranged in an n×n block of adjoining squares, one piece on each square. A
move in the game is a jump in a horizontal or vertical direction over an adjacent
occupied square to an unoccupied square immediately beyond. The piece which
has been jumped over is then removed.

Find those values of n for which the game can end with only one piece
remaining on the board.

Problem 5 (IMO 2000):

A magician has 100 cards numbered 1 to 100. He puts them into 3 boxes, a red
one, a white one and a blue one, so that each box contains at least one card.

A member of the audience selects two of the three boxes, chooses one card
from each and announces the sum of the numbers on the chosen cards. Given
this sum, the magician identi�es the box from which no card has been chosen.

How many ways are there to put all the cards into the boxes so that this
trick always works? (Two ways are considered di�erent if at least one card is
put into a di�erent box).

Problem 6 (The `Unfaithful Wives' Problem):

In a certain remote village, each man knows whether every other man's wife
is unfaithful, but has no idea about his own wife's �delity. One day the tribal
leader calls a village meeting, and announces that it has come to his attention
that at least one wife in the village has been unfaithful, and that from this point
on, any man who discovers on any day that his wife is unfaithful must kill her at
sundown of that day. The men in the village are very shy about these matters,
and do not communicate in any way. But they are clever logicians, and they
follow the leader's orders.

What series of events unfolds?
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